Existing models of galaxy formation have not yet explained striking correlations between structure and starformation activity in galaxies, notably the tilted and moving boundaries that divide star-forming from quiescent galaxies in structural diagrams. This paper uses these boundaries and other data to "reverse-engineer" the quenching process for central galaxies. The key idea is that larger star-forming galaxies (at fixed stellar mass) have lower black-hole masses owing to their lower central densities. Galaxies enter the green valley when the cumulative effective energy radiated by their black holes equals an empirically derived function of their halo mass, which in turn proves roughly equal to ∼ 4× their halo-gas binding energy. Since larger-radii galaxies start with smaller black holes, they must evolve to higher stellar masses before quenching, which produces the observed boundary tilt. The cause of galaxy radius variations is not known but may be due to differences in halo concentration and/or mean halo formation time. The quenching boundaries prove to be nearly parallel to the evolutionary tracks of galaxies, and it is the sideways motion of the boundaries themselves rather than the evolution of individual galaxies that mainly induces quenching. The model is expressed as a series of power-law scaling relations whose exponents and zero points are fitted to data. Star-forming, green valley, and quenched galaxies have different BH scaling laws, and most BH mass growth takes place in the green valley. Further implications are that radius is an important second parameter in shaping galaxies and their black holes; that black holes are closely connected to dark halos but in different ways for quenched, GV, and star-forming galaxies; and that the same basic BH-quenching mechanism has been in place since z = 3. In a nutshell, halos build galaxies, which grow black holes, which then quench halos and galaxies-all in a fairly well regulated and predictable manner.
INTRODUCTION
How and why star formation shuts down ("quenches") in massive galaxies is one of the outstanding puzzles of galaxy evolution. Though gaseous infall onto halos is decreasing in the current Universe, there is consensus that this effect by itself is not sufficient to curtail star formation to the low levels that are observed in quenched galaxies (see review by Somerville & Davé 2015) , and in any case, quenching began at z ∼ 3, when the Universe was still very gas-rich. Since the number of quenched galaxies has approximately tripled since z = 1 (Bell et al. 2004; Faber et al. 2007; Huang et al. 2013; Muzzin et al. 2013; Ilbert et al. 2013; Tomczak et al. 2014) , it is clear that quenching is continuing today, but whether by the same or different mechanisms as at earlier times is not clear. 23 Many studies have modeled galaxy quenching, from semianalytic models using pared-down parametric prescriptions, to hydrodynamic simulations with more explicit descriptions of gas and feedback physics, and the most basic data, like the mass function of quenched galaxies, have been more or less successfully matched. However, in our opinion, modelmakers have not yet focused fully enough on the full panoply of physical data exhibited by quenching galaxies over time.
In this paper, we assemble a more complete list of relevant observational data to be explained and use it to construct a simple picture in which galaxies evolve through a structural parameter space while star-forming (and building black holes) and then encounter a "quenching boundary", where they begin to quench. This boundary divides quenched from starforming galaxies as a function of stellar mass. Key properties (see Section 1.2 and Figure 1 ) are the long length of the boundary (over 1 full dex in mass), its sharpness, smooth evolution in zero point with time, and constant tilt whereby more massive boundary galaxies always have larger radii, higher central densities, and larger central black holes. The very existence of this boundary implies that stellar mass is not the only parameter governing quenching and that at least one more parameter is needed. We show in this paper that taking this second parameter to be galaxy radius and tying it to the formation of black hole mass can naturally explain the observations. This is demonstrated by first expressing the quenching boundary as a balance between black hole energy output vs. an empirically derived "halo quenchingenergy quota". It is then shown that this empirical quota is remarkably close to the boundary that is obtained if galaxies are seen to begin quenching when the total effective energy emitted by their central black holes equals a certain multiple of the binding energy of the hot gas in their halos.
Two other features of the model deserve mention. The first is a scheme for evolving star-forming galaxies before quenching, which are assumed to be embedded in dark halos that are taken from N-body simulations and are filled with galaxy stellar masses and radii based on abundance matching. The second feature is that black hole growth is allowed to accelerate as galaxies enter the green valley and begin to quench. It proves possible to capture most of the important features of the model in a "cartoon" diagram (see Figure 4 below), which, though simple, comes close to explaining the full spectrum of properties exhibited by both quenched and 23 Note: in this paper, quenched galaxies are defined as objects lying more than −1.0 dex below the local star-forming main-sequence ridgeline at their mass, and star-forming galaxies are all galaxies that lie above the line lying −0.45 dex below the ridegline. Green valley galaxies lie between these populations from −0.45 dex to −1.0 dex. star-forming galaxies.
Two general classes of quenching mechanisms have been suggested in the past. One is so-called "halo quenching", which involves the fact that halo gas becomes shock-heated as halos develop, and therefore less able to cool and fall onto galaxies (e.g., Blumenthal et al. 1984; Birnboim & Dekel 2003; Dekel & Birnboim 2006; Cattaneo et al. 2006; Keres et al. 2009 ). The second class is "AGN quenching" by feedback from growing black holes (BHs), which either ejects gas from galaxies ("ejective feedback") (e.g., Silk & Rees 1998; Springel et al. 2006; Hopkins et al. 2006) or heats or disturbs the halo gas in such a way as to prevent it from falling in ("preventive feeback", "strangulation") (e.g., Croton et al. 2006; Bower et al. 2006; Somerville et al. 2008 Somerville et al. , 2012 Henriques et al. 2015; Peng et al. 2015) . 24 Both halo quenching and AGN quenching have strong observational support. On the halo side, N-body simulations provide reliable models of halo growth (e.g., Behroozi et al. 2013) , the basic physics of halo gas density and temperature within those halos is reasonably well known (see references above), and X-ray data confirm that massive halos are filled with hot gas at the predicted temperatures and densities (e.g., Arnaud et al. 2010 ). On the AGN side, nearly all quenched galaxies have massive spheroids (Bell 2008; Bluck et al. 2014) , and these spheroids universally harbor massive BHs (Magorrian et al. 1998; Ferrarese & Merritt 2000; Gebhardt et al. 2000) . Peak AGN activity appears as star formation is dying down and galaxies are entering quiescence (e.g., Schawinski et al. 2007; Aird et al. 2019) . Tight correlations also exist between BH mass and host spheroid properties, such as bulge mass (M BH -M bulge ; Häring & Rix 2004; Kormendy & Ho 2013) and effective velocity dispersion (M BH -σ e ; Gebhardt et al. 2000; Ferrarese & Merritt 2000; Kormendy & Ho 2013; van den Bosch 2016) , signaling some sort of close interplay between spheroid-building and BH growth. Finally, matter falling onto a black hole may release of order 10% of its rest mass energy E = mc 2 , which is comparable in amount to the binding energy of gas in the halo (e.g., Silk & Rees 1998; Ostriker et al. 2005; Oppenheimer 2018 ), enough to either heat, blow away, or otherwise significantly disturb the gas and induce quenching. For reviews of these topics see Cattaneo et al. (2009) and Kormendy & Ho (2013, hereafter KH13) .
Despite these successes, neither class of models in its simplest form easily explains the tilted boundary between quenched and star-forming galaxies above M * ∼ 10 10 M . Halo quenching depends on only the temperature and density of the halo gas and thus tends to set in at a characteristic halo mass near M crit ∼ 10 11-12 M (e.g., Birnboim & Dekel 2003; Keres et al. 2005; Dekel & Birnboim 2006) , and thus at a fixed stellar mass because the stellar-mass/halo-mass relation is tight (Wechsler & Tinker 2018) . The picture therefore tends to predict a sharp edge near M * ∼ 3 × 10 10 M and does not explain why boundary structural parameters should vary systematically for considerable stretches above and below that mass.
On the AGN side, outcomes from AGN feedback depend on the precise mode of feeding mass onto the BH. In "radiative mode" ; also called "quasar mode" (Croton et al. 2006) , "bright mode" (Somerville et al. 2008) , or "high mode" (Pillepich et al. 2018) ), AGN mass-accretion is rapid and is often triggered by major mergers (Hopkins et al. 2006 ) and/or disk-gas instabilities (Cattaneo et al. 2006 ). Since these are random stochastic events that can in principle occur over a broad range of time in a galaxy's life, it is hard to see why the quenching boundary should be sharp, let alone tilted. In "jet mode" ; also called "radio mode" (Croton et al. 2006) , "kinetic mode" (Weinberger et al. 2017 ), or "low mode" (Pillepich et al. 2018) ), central regions of the halo cool and drain onto the BH more slowly, creating feedback energy and/or momentum that quench the cooling. However, jet mode feedback cannot couple efficiently to the halo gas while the gas is still cool and dense (e.g., Bower et al. 2006; Croton et al. 2006; Cattaneo et al. 2006) , and so in practice, jet mode also needs to wait until M vir > M crit , yielding a typical quenching stellar mass that is similar to that in the halo-quenching picture. And as in that model, why the boundary should be so broad in mass and why galaxy structural properties should vary systematically along it is not clear.
The above is a brief summary of a rich and complex literature, and variations in points of view and terminology are common. For example, Peng et al. (2010) also identified two quenching mechanisms, which they called "mass quenching" and "environmental quenching".
However, their mass quenching is a more general feedback-driven process that includes both stellar feedback as well as AGN feedback, and their environmental quenching mechanism refers to satellite galaxies only . We ignore satellites in this paper owing to their different quenching physics, and halo quenching, when it is mentioned, always refers to central galaxies.
The upshot of the preceding is that current models may have difficulty explaining the considerable breadth of the quenching boundary in stellar mass and why the radii, central densities, and BH masses of boundary galaxies should vary systematically along it. In this paper, we assume that the quenching process has imprinted these trends, and we attempt to "reverse-engineer" the physical nature of the quenching mechanism from them. This chain of reasoning leads to a simple picture in which galaxy quenching is dominated by AGN quenching and becomes perceptible when total BH energy output exceeds a certain fraction of the binding energy of the halo gas.
The next section in this Introduction reviews previous works that have also tried to use the structural properties of galaxies as a guide to understanding quenching. It is followed by a section that collects together all of the basic properties of quenching and star-forming galaxies that ought to be explained by a satisfactory quenching picture. The last section in this Introduction sketches the nature of our model and outlines the rest of the paper.
Previous Work
Many studies have remarked on the striking structural parameters of quenched and quenching galaxies. Let R e be the optical effective radius containing half the light and Σ e be the effective mass surface density given by Σ e = 0.5M * /πR 2 e . Kauffmann et al. (2003) showed that quenched SDSS galaxies have higher Σ e than star-forming galaxies at the same mass, and Franx et al. (2008) showed that distant quenched galaxies obey the same trend. The corresponding offset ridgeline of quenched galaxies to smaller R e at fixed M * was shown for SDSS galaxies by Shen et al. (2003) and for distant galaxies by van der Wel et al. (2009, hereafter vdW09) and van der Wel et al. (2014, hereafter vdW14) . Kauffmann et al. (2003 Kauffmann et al. ( , 2006 Kauffmann et al. ( , 2012 further noted that the boundary between quenched and star-forming galaxies corresponds closely to a line of constant effective surface density: R e ∼ M 0.5 * . Separately, Bell (2008) , Kauffmann et al. (2012) , and Bluck et al. (2014) showed that local quenched galaxies have high Sérsic indices characteristic of bulges, and the same was shown for distant galaxies by Bell et al. (2012) and Wuyts et al. (2012) . Collectively, these studies established that quenched galaxies are both smaller (more "compact") than star-forming galaxies at the same stellar mass, and also that quenched galaxies have prominent bulges. Cheung et al. (2012) introduced the use of central properties as a criterion for quenching.
After testing numerous quantities, including effective radius and surfacebrightness, they concluded that high stellar mass surface density within a projected radius of 1 kpc, Σ 1 , is the best predictor of quenching at z ∼ 0.7 from their data. Fang et al. (2013, hereafter F13) , studying SDSS galaxies, then found a strong correlation between Σ 1 and stellar mass for all galaxies, with quenched and green valley galaxies occupying a narrow sloping ridgeline at the top of the distribution. With an rms scatter of only 0.16 dex (F13), the Σ 1 -M * ridgeline is among the tightest of quenched-galaxy scaling relations. F13 showed that specific star formation rate (SSFR) precipitously declines near this ridgeline and suggested that a particular value of the residual ∆Σ 1 is a threshold for the onset of quenching, possibly signaling a threshold in BH feedback. Wake et al. (2012) (also Bluck et al. 2016; Teimoorinia et al. 2016) found a similar result for SDSS galaxies using central σ 1 within 1 kpc, which F13 showed correlates closely with Σ 1 . Finally, Luo et al. (2019) showed that bulge-to-total ratio (B/T ) correlates closely with ∆Σ 1 for SDSS galaxies with a scatter of only about 0.2 dex. ∆Σ 1 thus lies squarely in the tradition of associating quenching with a larger spheroid and higher B/T . Van Dokkum et al. (2014) demonstrated that the threshold relationship between Σ 1 and SSFR found by F13 obtains throughout cosmic time for high-mass galaxies, and Tacchella et al. (2015) ; Barro et al. (2017) ; Whitaker et al. (2017) ; Lee et al. (2018) ; Mosleh et al. (2018) extended plots of Σ 1 vs. M * to high redshift. The overall Σ 1 -M * relation found by F13 at z = 0 was found to be replicated almost unchanged out to z = 3, the slopes of the relations for both quenched and star-forming galaxies are constant over this time, and the zero points for quenched and star-forming galaxies march downward in unison by ∼ 0.3 dex from z = 3 to now. It was further shown that Σ e and Σ 1 are interchangeable for starforming galaxies because their Sérsic indices are uniform and so their central and effective properties are well correlated (Barro et al. 2017, hereafter B17) . However, Σ 1 and Σ e relate differently for quenched galaxies because their outer envelopes grow substantially after quenching due to mergers, which increase Sérsic indices and effective radii while leaving the inner stellar density roughly unchanged (e.g., Daddi et al. 2005; Trujillo et al. 2006; van Dokkum et al. 2008; Bezanson et al. 2009; Naab et al. 2009; van Dokkum et al. 2010; Oser et al. 2012; Szomoru et al. 2012) . As a consequence, the ridgeline of quenched galaxies is tighter in Σ 1 -M * than in Σ e -M * or R e -M * (B17), supporting the finding by Cheung et al. (2012) that quenching is more closely related to central properties than global ones.
Since the number of quenched galaxies is increasing with time, the question arises how galaxies transform from starforming to quenched. van der Wel et al. (2009, hereafter vdW09) introduced a model in which galaxies evolve in R e -M * and quench when they reach a boundary set by their effective velocity dispersion, σ e (see KH13 for various definitions of σ e ). Since quenched galaxies with higher σ e today are older at fixed M * (Bernardi et al. 2005; Graves et al. 2009 ), vdW09 reasoned that the threshold σ e for quenching must have been higher in the past. These facts motivated them to adopt a moving boundary moving upwards with time in R e -M * and downwards in σ e -M * . However, vdW09 did not consider the manner in which galaxies approach this boundary before quenching. This was added later by van Dokkum et al. (2015, hereafter vD15) , who envisioned that galaxies evolve on parallel tracks through R e -M * while star-forming and then quench when meeting a moving boundary in σ e , as in vdW09. A similar picture for the origin of quenched galaxies was presented in Cappellari (2013 Cappellari ( , 2016 .
In related work, B17 and Tacchella et al. (2015) considered the evolution of galaxies in Σ 1 -M * . They noted the narrowness of the star-forming locus in this space at all redshifts and concluded that galaxies must evolve approximately along it while star-forming. In their picture, galaxies reach a threshold value of Σ 1 for their mass, quench, and pile up along the Σ 1 -M * ridgeline. Because the ridgeline in Σ 1 -M * is observed to move down with time, this quenching boundary must also move down. Thus, like vdW09 and vD15, B17 envisioned a moving boundary but modeled it as a power law in Σ 1 -M * , not a line defined by constant σ e . None of these papers offered any physical explanation for their boundaries -they were simply set empirically to match the available data. Omand et al. (2014) introduced yet another aspect of quenching by focusing on R e -M * for SDSS galaxies. They observed that star-forming galaxies populate a shallow ridgeline in R e -M * with rms scatter σ Re ∼ 0.20 dex at fixed mass, while quenched galaxies occupy a more steeply sloped ridgeline at the bottom edge of this distribution (Omand et al. 2014 ; see also Shen et al. 2003 , vdW14, Lange et al. 2016 ). Contours of equal quenched fraction are sloping stripes running parallel to the quenched ridgeline, and quenched galaxies therefore co-exist with star-forming galaxies at the same M * . This fact had been noticed before (e.g., Kauffmann et al. 2003 ), but Omand et al. (2014) seized on it as evidence that quenching must be controlled by at least one more parameter than mass and suggested that galaxies are a twoparameter family whose quenching is governed by R e as well as M * .
Further evidence that both R e and M * are important came from the work of van den Bosch (2016) on local black holes. Starting with the basic M BH -σ e relation, he noted that σ e can be derived from R e and M * using the virial theorem. He therefore proposed that BHs populate a M BH -R e -M * "fundamental plane" and demonstrated that this plane predicts M BH as accurately as a single M BH -σ e relation. In essence, R e cleans up the scatter in M BH vs. M * that appears when star-forming galaxies are added to quenched galaxies (KH13) in the sense that smaller galaxies have larger black holes. Similar arguments were made by Krajnović et al. (2018) , who further noted that R e vs. M * should be a map of black hole mass, an insight that will prove basic to our model. Recently, Ni et al. (2019) found tantalizing evidence from X-ray fluxes that black-hole growth rates are larger in smaller galaxies, in agreement with the above mass trend.
Finally, Lilly & Carollo (2016, hereafter L16) presented yet another quenching model. Galaxies evolve along parallel log-log tracks in R e -M * , as in vdW14; vD15, but quenching depends on M * probabilistically, increasing with M * until all massive galaxies eventually quench (Peng et al. 2010) . Given that earlier-quenching galaxies tend to be smaller and that effective radii tend to shrink a lot on quenching in this model due to the fading of younger stars at large radii, L16 showed that the contours of equal quenched fraction would be tilted so as to match the boundary in R e -M * . This model is discussed further in Section 7.11.
Collected Properties of Quenched vs. Star-forming
Galaxies The previous section has introduced several data that a successful quenching model must explain. For convenience, these and other data yet to be mentioned are collected together with basic references in Table 1 . The first two lines of this table describe the green valley, which in this paper is taken to be the main channel through which high-mass central galaxies evolve from star-forming to quenched. Data on the mass function of quenched galaxies indicate that the green valley actually consists of two separate components: a highmass channel that appears early at z ≥ 2.5 with a roughly lognormal mass function, and a later channel after z ∼ 1.5 that appears as a gradually rising low-mass tail (e.g., Ilbert et al. 2010; Huang et al. 2013 ). This tail is likely due to satellite quenching, not AGN, (Fossati et al. 2017; Guo et al. 2017 ) and is therefore not covered in this paper. The high-mass channel is the object of our model, and its two striking features are the near constancy of peak mass near log M * /M 10.7 from z = 3 to now and the substantial width of the channel, approaching 1 full dex in mass. As stressed earlier, the wide extent of the green valley in mass is not necessarily easy to explain, and its natural formation in our model will be highlighted.
Returning to Table 1 , line 3 notes the continuing steady flow of galaxies from star-forming to quenched, even at late times. Lines 4-7 describe the properties of both quenched and star-forming ridgelines in the R e -M * plane. Star-forming galaxies need to be included in the model because they feed the quenching process and their properties determine what quenched galaxies will look like. Important facts about the R e -M * plane are the constancy of ridgeline slopes for both quenched and star-forming galaxies over time and the increase in both zero points since z = 3. Lines 8-11 summarize similar properties of quenched and star-forming ridgelines in Σ 1 -M * . Important facts are again the constancy of both ridgeline slopes over time, accompanied (in this case) by decreasing zero points.
Line 12 of Table 1 says that the ridgeline zero point of quenched galaxies in M BH -M * also decreases with time. Since less is known about the history of this ridgeline, we do not cite data on the slope back in time, but nevertheless its general behavior seems similar to the quenched ridgeline in Σ 1 -M * . The distribution of star-forming galaxies in M BH -M * is controversial, and it is not clear whether there even is a star-forming ridgeline like those in R e -M * or Σ 1 -M * (KH13). However, line 13 points out that there do seem to exist various scaling laws involving both M * /R e and σ e and also that the slopes of these laws differ depending on whether all galaxies or only quenched ridgeline galaxies are included (KH13;van The ridgeline of star-forming galaxies in Σ 1 vs. M * has constant slope Σ 1 ∼ M 0.88 * from z = 2.5 to 0.5. Barro et al. (2017) 9
The zero point of the SF galaxy ridgeline in Σ 1 vs. M * has decreased by ∼ 0.30 dex from z = 2.5 to 0.5. Barro et al. (2017) [10] The ridgeline of quenched galaxies in Σ 1 vs. M * has constant slope Σ 1 ∼ M 0.66 * from z = 2.5 to 0.5. Barro et al. (2017) [11] The zero point of the quenched galaxy ridgeline in Σ 1 vs. M * has decreased by ∼ 0.30 dex from z = 2.5 to 0.5. Barro et al. (2017) [12] The zero point of the quenched galaxy ridgeline in M BH vs. M * appears to be decreasing with time. Bennert et al. (2011 ) Ding et al. (2017 13 M BH can be expressed as a power law of either M * /Re or σe, but the slopes of quenched galaxies Kormendy & Ho (2013) are always shallower than the slopes of all galaxies taken together. van den Bosch (2016) 14
The ridgelines of quenched galaxies are narrow in Σ 1 vs. M * and M BH vs. M * but not so narrow in Re vs. M * . [16] The zero points of quenched and star-forming galaxies have evolved together in lockstep in Σ 1 vs. M * since z = 3. Barro et al. (2017) [17] The zero points of quenched and star-forming galaxies have evolved differently in Re vs. M * since z = 3. van der Wel et al. (2014) 18 Star-forming galaxies mix with quenched galaxies on the quenched ridgeline in Σ 1 vs. M * today but lie Fang et al. (2013) well below the quenched ridgeline in M BH vs. M * . Barro et al. (2017 ) Terrazas et al. (2017 a Referring to central galaxies only. b Items without brackets are fully explained by the model; items with brackets are only partly explained. The model being scored is the binding-energy model (blue lines in Figure 1 ), for which there is only one adjustable parameter, f B = 4 at entry into the green valley, which has been used to match the zero point of the blue lines to that of the red lines. All of the other successes listed here are new. See further discussion in Section 7.1.
den Bosch 2016). Line 14 refers to the width of the quenched ridgelines, which are quite narrow in Σ 1 -M * and M BH -M * at fixed M * but not so narrow in R e -M * , especially at early times. Our model says that these quenched ridgelines are not excesses due to sighting along a plane (like the Fundamental Plane for ellipticals or the Tully-Fisher relation for spirals), but are instead real pile-ups due to the fact that galaxies stop evolving and come to a halt along particular loci. The slopes and zero points of these loci therefore contain vital information about quenching, which are basic inputs to the model. However, the quenched ridgeline in R e -M * is somewhat broader than the other two due to variable amounts of galaxy-wide dissipation during quenching (e.g., Zolotov et al. 2015; Tacchella et al. 2016a ) and variable amounts of dry merging after quenching (e.g., Naab et al. 2009; vdW09) , both of which tend to decouple global R e from central Σ 1 and M BH . The narrowness of the quenched ridgelines in Σ 1 -M * and M BH -M * suggests that those relations more closely preserve the memory of quenching, and, significantly, both are properties that relate to the center of the galaxy, not to the outer parts. However, line 15 points out that recent data are beginning to reveal age stratification even within these ridgelines, the stellar populations above the ridgelines (in Σ 1 -M * and M BH -M * ) being older (Tacchella et al. 2017; Martín-Navarro et al. 2018; Luo et al. 2019) . The model will explain this as the consequence of a moving quenching boundary (as in vdW09 and van ), which tends to leave earlyquenched objects stranded above the location of the boundary at later times, a classic example of "progenitor bias" (e.g., van Dokkum & Franx 1996; Carollo et al. 2013; Poggianti et al. 2013) .
Lines 16 and 17 highlight the different zero-point behaviors of quenched vs. star-forming galaxies in different spaces. In Σ 1 -M * , ridgelines of both populations move down together in lock-step so that the relative positions of quenched vs. starforming galaxies are preserved, and the Σ 1 -M * diagram looks the same at all times except for this bulk downward shift (cf. Figure 2 in B17). However, in R e -M * , the ridgeline of quenched galaxies moves up faster than the ridgeline of starforming galaxies, so that the two populations begin to overlap by today (see vdW14). We argue that Σ 1 , being a central quantity, is more closely related to AGN than R e , and so it follows that the Σ 1 -M * ridgeline is the more important one to match. Modeling R e -M * during and after quenching would need additional treatments of gaseous dissipation and postquenching mergers, which are beyond the scope of this paper.
The first column in Table 1 numbers the items for future reference. Item numbers without brackets indicate phenomena that we think are largely explained by the new model, while item numbers with brackets indicate phenomena that are only partially explained. We stress again that model R e estimates are valid only for star-forming galaxies before they encounter the quenching boundary, and are thus not accurate during or after quenching, when dissipation and dry merging become important. Lines 6, 7, and 17 involve R e for quenched galaxies, which is why they are all given brackets. Other brackets are described in Section 7.1. Figure 1 illustrates many of the properties listed in Table 1 . This figure borrows heavily from similar figures using CANDELS data in vdW14 and B17. The upper two panels compare star-forming and quenched galaxies in the space of R e vs. M * , and the lower two panels compare the same samples in the space of Σ 1 vs. M * (in order to sharpen differences, green valley galaxies are not plotted). Looking ahead, the red lines represent empirical quenching boundaries that are derived in Section 3, and the blue lines represent the "binding-energy" model in which the threshold quenching BH energy is equal to a multiple of the binding energy of halo gas.
Focusing first on the lower panels with Σ 1 , we see that virtually all quenched galaxies lie on a ridgeline above the red line and their numbers are growing with time, while the vast majority of star-forming galaxies lie below the same red line. Galaxies approach the quenching boundary from belowleft, as shown in Figure 2 below. A smattering of star-forming galaxies also lies above the line, which is the so-called "elbow effect" pointed out by F13 and B17 in which star-forming and quenched galaxies co-exist at nearly the same values of Σ 1 (cf. also Whitaker et al. 2017; Lee et al. 2018) . Cited in line 18 of Table 1 , this signifies a highly non-linear relation between Σ 1 and the decline of star-formation in the GV. Line 18 also says that, in contrast, the decline in star-formation rate vs. M BH is more gradual (cf. Figure 3 , Terrazas et al. 2017 ) so that star-forming galaxies never lie on the quenched ridgeline in M BH -M * (Figure 2 , Terrazas et al. 2016) . These behaviors are illustrated in Figure 2 below, and capturing them will prove to be a major clue to black-hole growth rates in the green valley. Note that the quenched ridgelines, and hence also the red lines, maintain constant slope with time in Σ 1 -M * but move down in zero point. The ridgelines of star-forming galaxies also maintain constant slope and move down in lockstep with the quenched ridgeline in the same diagram. Collectively these are Lines 8-11, 14, and 16 in Table 1 .
The upper two panels in Figure 1 show the same objects in R e -M * , where generally similar behavior is observed, with virtually all quenched galaxies now falling below the red boundary and the vast majority of star-forming galaxies falling above it. The picture here is that galaxies approach the quenching boundary from above-left, as shown in Figure 2 . Note that the quenched ridgelines, and hence also the red lines, again maintain constant slope but now move up in zero point with time. The ridgeline of the star-forming galaxies also maintains constant slope and moves up. However, in this case, the zero point of the quenched galaxies moves up a bit faster than the zero point of the star-forming galaxies, and the two populations are not quite in lock step the way they are in Σ 1 -M * . Collectively these are properties 4-7, 14, and 17 in Table 1 .
Three more features of Figure 1 merit comment. First, one sees that quenched galaxies cover roughly a full dex in mass at all redshifts that is centered on 10 10.7 M . These are properties 1-2 in Table 1 . Second, there is a dearth of quenched galaxies near and below 10 10 M at z > 2 that is gradually filled in at lower redshifts. This is the growing tail of low-mass quenched galaxies that we attribute to satellite quenching and is not covered by the model. The third point is that the trends seen Figure 1 are ancient, going all the way back to z ∼ 3. The enduring nature of these relations seems to imply that the quenching mechanism for high-mass galaxies above 10 10 M has remained basically the same over all these billions of years despite major declines in star formationrates, gas contents, and merger rates. To our knowledge, no SAM or hydro model has as yet reproduced the full collection of properties listed in Table 1 and illustrated in Figure 1 .
Outline for the Remainder of the Paper
The first step in this paper is an empirical parametrization of the quenching boundary that is chosen to match real data. Specifically, we assume that the effects of quenching become apparent on galaxy star-formation rates when the total effective energy emitted by their BH equals some total energy quota needed by the halo to stop cooling: E BH = E quench , and we derive an empirical power-law expression for E quench as a function of M vir and redshift from the observed, red boundaries in Figure 1 . We feel that starting with this purely empirical formulation better shows how the various assumptions fit together and how the real halo energy quota must scale if quenching is in fact a balance between total BH energy output and halo mass. The spirit of the model at this point is similar to that of semi-analytic models, and indeed, this rule for quenching could be easily inserted into SAMs for further testing.
Superficially, this quenching prescription resembles the radio mode of, e.g., Croton et al. (2006); Bower et al. (2006) , in which halo-gas cooling is balanced against BH output. However, radio mode balances heating and cooling rates whereas our balance uses cumulative energy totals. This difference proves to be crucial, as shown in Section 6.3.
The second step, in Section 5, compares the above empirical halo energy quota to the gas binding energies of actual halos. This comparison is shown by the blue lines in Figure 1 , which are seen to agree fairly well with the red lines with no adjustment in slope and a plausible choice of a single zero point. The interpretation of the blue lines is that quenching becomes apparent when the total effective energy emitted by the BH equals some constant, f B , times the binding Figure 1 . Data from all five CANDELS fields divided by redshift, patterned after similar figures in vdW09 and B17. The data and sample are described in Section 2; only face-on galaxies with b/a ≥ 0.5 are used. (Satellites and centrals are included even though the model technically refers to centrals only.) Panel a) (top row): Effective radius Re along the semi-major axis (SMA) vs. stellar mass, colored by Σ 1 for star-forming galaxies. Panel b) (second row): The same as panel a) but for quenched galaxies. Panel c) (third row): Σ 1 vs. stellar mass colored by Re for star-forming galaxies. Panel d) (bottom row): Same as panel c) but for quenched galaxies. Star-forming galaxies are defined as lying above the line running −0.45 dex below the main sequence ridgeline, and quenched galaxies lie more than −1.0 dex below it. Green valley galaxies (between these two limits) are not shown. The figure illustrates the dramatic difference in structure between star-forming and quenched galaxies and the sharp boundaries between them. The red lines are the empirical quenching boundaries (tilted boundaries) that are developed from the data in Section 3. The blue lines are predicted by the halo gas binding-energy model in Section 5, which says that entry to the green valley occurs when total emitted BH energy (E BH ) equals a multiple of the binding energy of hot halo gas. The agreement between the red and blue lines is a major result of this paper. energy of the halo gas. The precise quenching mechanism is unspecified -it could be gas heating and ejection, a physical deflection of infalling primordial gas, or actual gas unbinding -and the cumulative energy input from BHs is in principle large enough to accomplish any of these things. Modeling quenching onset as the tipping point between total BH energy and halo binding energy has also been proposed by others (e.g., Silk & Rees 1998; Ostriker et al. 2005; Booth & Schaye 2010 Bower et al. 2017; Oppenheimer 2018; Davies et al. 2019a,b; Oppenheimer et al. 2019) .
Four other features of the model deserve mention. First, our emerging knowledge of the halo-galaxy connection is used to generate a simple, unified scheme for how halos and their central galaxies evolve together before quenching during the star-forming phase. A second feature is the rule for putting BHs into star-forming galaxies, which assumes that BH mass scales as a power-law of central density, Σ 1 . This implies that black holes grow modestly but steadily (averaging over possible short-term episodes) throughout the entire star-forming phase and are present even in very small star-forming galaxies. 25 The third feature replaces this early, modest power law with a steeper power law (vs. Σ 1 ) in the green valley (see Figure 4 ). This is shown to agree with a wide variety of data and to reconcile different values of BH scaling-law slopes found in different works. The fourth feature, following Omand et al. (2014) ; van den Bosch (2016); Krajnović et al. (2018) , is to model star-forming galaxies as a two-parameter family labeled by R e and M * . The model says that BH mass depends on galaxy radius as well as M * -larger galaxies have smaller BHs -which means they have to evolve to higher mass before they quench. This is the key assumption that tilts the model boundaries in Figure 1 Section 6 explores four variants of the model. Variant 1 varies the stellar-mass/halo-mass (SMHM) relation for massive galaxies. Variant 2 puts an evolving zero point in the SMHM relation instead of in E quench . Variants 3 and 4 try out two different versions of radio mode as the primary quenching mechanism. All variants fail, for different reasons that are instructive. Section 7 discusses the halo bindingenergy model's success in matching the data goals in Table 1 and draws other implications. Section 8 reviews the basic findings and important take-away messages. Four appendices present various formulae, summarize important power laws, and describe the variant models.
We conclude this Introduction with a list of phenomena that are not included in the model. All scaling laws are assumed to be perfectly tight with zero scatter. Mergers are ignored, whether during star formation or later, for example as dry mergers after quenching. The low-mass tail of quenched galaxies that appears at late times below 10 10.2 M (see Figure 1 ) likely arises from satellite quenching and is also ignored. It is assumed that entry into the green valley is a oneway street and that rejuvenation does not occur (e.g., Chauke et al. 2019) . No theoretical justification is given for the basic formula that black holes grow as a power law of Σ 1 during the star-forming phase. No description is provided for the microscopic state of gas in the halo or how the BH energy interacts with it. Finally, the data matched are mainly global structural parameters and scaling laws, and no attempt is made to model light or mass profiles, count galaxies, predict mass functions, luminosity functions, or other structure functions, or predict AGN frequencies. These topics are left for future work.
All data used in this paper are consistent with H 0 = 70 km s −1 Mpc −1 , Ω m = 0.3 and Ω Λ = 0.7.
DATA
The data used in this paper come from the multi-wavelength and ancillary datasets produced by the Cosmic Assembly Near-Infrared Deep Extragalactic Legacy Survey on the Hubble Space Telescope (CANDELS; Grogin et al. 2011; Koekemoer et al. 2011) . All five fields are used (GOODS-S, UDS, COSMOS, EGS, and GOODS-N) with H ≤ 24.5 mag. All figures are fairly complete down to the mass limits shown (cf. the completeness discussion in Fang et al. 2018, hereafter F18) . AB magnitudes, spectroscopic/photometric redshifts, stellar masses, star-formation rates, and A V attenuation values are taken from the following catalogs: Guo et al. (2013) ; Galametz et al. (2013) ; Nayyeri et al. (20017) ; Stefanon et al. (2017) ; Barro et al. (2019) . Methodologies for the stellar masses and A V values are described in Santini et al. (2015) . R e values and axis ratios were measured using GALFIT by . Σ 1 values were measured by Z. Chen and G. Barro. These and all other data are available at the Rainbow database (Barro et al. 2011) 26 .
The CANDELS galaxies have not been divided into centrals and satellites even though the model is nominally for central galaxies only. Environments for CANDELS galaxies are being measured, and this distinction is left for future work.
POWER-LAWS IN THE EMPIRICAL MODEL
3.1. Input Power Laws This section assembles five power-law relations for how various halo and galaxy properties vary versus one another during the star-forming phase. Three of these relations are fully known, while two have unknown exponents. The five laws are combined in Section 3.2 to derive the quenching boundary slopes in Σ 1 -M * and M BH -M * as a function of the unknown exponents. Comparing these slopes to the observed red lines in Figure 1 then sets the values of these exponents. The present section is concerned with the values of the exponents only. In Section 4, the values of the zero points and their motions with time will be introduced. Full versions of all laws, including the zero-point constants, are given in Appendix C. Figure 2 introduces the basic landscape of the model. Star-forming galaxies are imagined to evolve along roughly straight, power-law trajectories in the four-dimensional space comprised of M * , R e , Σ 1 , and M BH . The three panels in Figure 2 show the three 2-D projections of this fourdimensional space onto M * . Eventually galaxies encounter boundaries, shown by the dashed lines, where they start to quench. Crossing the boundary is equated to entering the green valley, i.e., the point where AGN feedback has a justperceptible dampening effect on the star-formation rate. The boundary is first defined using a well-defined feature in the Σ 1 -M * distribution in Luo et al. (2019) and is then mapped into the other two projections using the power laws developed here and in Section 3. The blue points are star-forming galaxies near the star-forming ridgeline, and the quenching boundaries mark their maximum extent along the arrows. The red points are fully quenched galaxies in panels a) and b) and quenched as well as green valley galaxies in panel c).
The use of power laws for boundaries and scaling laws is motivated by the fact that the ridgelines of quenched galaxies in structural diagrams are approximately power laws. As will be seen, the power-law nature of the ridgelines strongly suggests that the equations of quenching are also approximately power laws in basic galaxy and halo properties. This places important constraints on quenching physics, as shown in Section 6.
The power laws used in this paper are in several categories:
• A structural mapping relates one set of structural variables to one another. The main example is the mapping Σ 1 ∼ M q * R −p e , which maps the R e -M * plane onto the Σ 1 -M * plane. The variables p and q depend on Sérsic n (B17), and so a given p,q mapping applies only to galaxies with similar Sérsic indices. The mapping needed in this section applies to star-forming galaxies in the range n = 1-2.
• A quenched ridgeline is the fit at a given redshift to the locus of galaxies that have quenched. It is narrowest and best defined in Σ 1 -M * , where it has the slope 0.66 at all redshifts (B17). Quenched galaxies, as we have noted, are defined as objects that lie more than one dex below the star-forming main sequence at their mass and redshift. The points are face-on CANDELS galaxies in the redshift range z = 0.6-0.9 with b/a > 0.5. Blue points are star-forming galaxies with ∆logSSFR above −0.45 dex; red points are fully quenched galaxies with ∆logSSFR below −1.0 dex. Green valley galaxies are not shown. Terrazas et al. (2016) , which plots black-hole masses for 90 nearby galaxies. Blue points are star-forming galaxies with the same selection criteria as Terrazas et al. (2016) ; red points are now both quenched and green valley galaxies. Note the strong bias to high masses in this panel compared to panels a) and b). The figure is schematic. The slopes of the dashed lines are accurate, but the evolutionary track slopes are illustrative, and the dashed boundaries actually move with time. Figure 1 in showing only star-forming galaxies and to a lower mass limit. Galaxies satisfy H ≤ 24.5 mag, axis ratio b/a ≥ 0.5, and are classed as star-forming using the same criterion as in Figure 1 . Upper panel: Effective radius Re along the semi-major axis (SMA) vs. stellar mass, colored by Σ 1 . Lower panel: Σ 1 vs. stellar mass colored by Re. Loci of constant Σ 1 (above) and constant Re (below) are visible as colored stripes. These indicate the presence of a plane in Re-Σ 1 -M * space for star-forming galaxies, and the two plots are different projections of it. Σ 1 ∼ M q * R −p e ∼ M 1.1 * R −1 e is the best mapping of this plane from one projection to another (Appendix A). The red points in the plots of SMA at high redshift are compact star-forming galaxies that have been identified as the precursors of compact quenched "red nuggets" at this redshift (Barro et al. 2013 (Barro et al. , 2014 Nelson et al. 2014; Williams et al. 2014; vD15) .
• A star-forming ridgeline is the fit at a given redshift to the locus of galaxies that are still star-forming. It is conventionally shown in the R e -M * plane (e.g., vdW14), but it exists also in the Σ 1 -M * plane, being mapped there by p and q values appropriate to star-forming galaxies with n = 1-2. Starforming galaxies are defined as all objects that lie above the line lying −0.45 dex below the star-forming main sequence at their mass and redshift.
• A scaling law relates one variable to the power of another, usually with some implied physics. Examples are our assumed scaling laws that BH mass scales as M BH ∼ Σ v 1 in star-forming galaxies and that total effective energy radiated during the course of BH mass growth varies as E BH ∼ ηM BH c 2 .
• An evolutionary track is a locus that represents the evolution of one variable versus another over time. An example is the SMHM relation, which we assume has the form M * ∼ M s vir with no change in zero point with redshift. Some scaling laws are also evolutionary tracks.
• Finally, a quenching boundary is a power-law locus in the space of some set of structural variables at a given redshift that signals the beginning of the end of star formation when galaxies cross over it. We have three such boundaries, in Σ 1 -M * , R e -M * , and M BH -M * .
The following five power laws are combined to derive expressions for the slopes of these boundaries. The first two of these are derived from abundance matching:
1. SMHM relation for star-forming galaxies: this evolutionary track is parametrized as
where M * is total stellar mass and M vir is halo virial mass. M * is defined as the current stellar mass including stellar remnants but does not include the mass lost in stellar evolution; the definitions of halo virial mass and virial radii are given in Section 4.1. In the original version of the model, the SMHM relation is assumed to be redshift-independent based on the nearly constant zero point of Rodríguez-Puebla et al.
(2017, hereafter RP17) from abundance matching (see Figure D1 ). Other works give different results, and Variant 2 in Section 6 explores the effect of varying the zero point versus redshift. The exponent s is set to 1.75, which is the slope below the knee from RP17. We note that this is very close to the value s ∼ 5/3 predicted from the energetics of SNae feedback versus halo potential well depth (Dekel & Silk 1986; Dekel & Woo 2003) . The SMHM law applies to star-forming galaxies only, and since no scatter is assumed, it is simply referred to as the SMHM relation. Above the knee, SMHM or its inverse, HMSM, is used as appropriate. The model does not use star-formation rates explicitly, but using this SMHM relation for starforming galaxies implicitly assumes a matching starformation rate to make it true.
2. Median galaxy effective radius, R e , vs. halo virial radius, R vir , for star-forming galaxies: this evolutionary track assumes that the median R e of star-forming galaxies is the same fixed fraction of the halo virial radius, R vir , at all masses and redshifts (R e is the observed half-light semi-axis major from , called SMA in Figures 1 and 3 ). Thus:
This assumption is consistent with the fact that the observed median radii of star-forming galaxies appear to equal the same fixed fraction of model halo virial radii back to z = 3 to within approximately 20% (Kravtsov 2013; Shibuya et al. 2015; Huang et al. 2017; RP17; Somerville et al. 2018) . 27 The next group of three power laws features the central role of Σ 1 :
3. Σ 1 vs. R e and M * for star-forming galaxies: this relation is an empirical structural mapping of the form
where Σ 1 is the projected stellar mass within 1 kpc of the center of the galaxy. Figure 3a plots R e vs. M * for CANDELS star-forming galaxies color-coded by Σ 1 , and Figure 3b plots Σ 1 vs. M * color-coded by R e . The tilted colored stripes in both panels indicate the existence of a plane in Σ 1 -R e -M * space. Fitted values for the exponents of this plane are p = 1.00 ± 0.01, q = 1.10 ± 0.01, which are essentially constant with redshift, as is the zero point. Comparisons of data to predictions from this relation are shown in Figure A1 in Appendix A, where rms residuals in R e and Σ 1 are both ∼ 0.2 dex. This mapping applies to starforming galaxies only and is valid because of their homogeneous Sérsic indices, which fall in the range n = 1-2 (B17). (The analogous mapping for quenched galaxies has p = 0.50, q = 1.10 and is less tight owing to the more variable, evolving envelopes of quenched galaxies.) 4. Σ 1 vs. central velocity dispersion, σ 1 : F13 demonstrated the scaling law that
for SDSS galaxies, where σ 1 is the average velocity dispersion along the line of sight within 1 kpc. As rotational motion is not resolved, σ 1 is a measure of total kinetic energy at the center of the galaxy, including both rotation and dispersion. The relationship arises from the virial mass estimator M * ∼ R e σ 2 /G, where all quantities are evaluated at 1 kpc. Eq. 4 is assumed to be valid for star-forming and quenched galaxies with the same constant at all redshifts.
The last step is to find a scaling law for BH growth in star-forming galaxies. Our basic assumption is that BH mass scales closely with Σ 1 but with potentially different slopes for star-forming, quenched, and green valley galaxies. The adopted laws are shown in Figure 4 , which plots M BH vs. Σ 1 . Galaxies enter as star-forming galaxies along the bottomleft (blue) track. At some point they cross the quenching boundary and then turn off into the green valley along the steep (green) vectors. This happens at different values of Σ 1 for different-R e galaxies (see below), which creates multiple tracks through the GV regime. Eventually BHs stop growing, and galaxies come to a halt along the fully quenched ridgeline (dashed red line). Further evolution in BH mass is not modeled.
The series of broken power-law tracks in Figure 4 is motivated by the following data: 1) Black holes in local quenched galaxies obey a power-law relation M BH ∼ σ u e (KH13). We assume σ 1 ∝ σ e , in which case M BH ∼ Σ v 1 , where v = u/2 from Item 4. The value of v is the slope of the upper, quenched ridgeline. 2) A steep track in the GV is indicated by the fact that star-forming and quenched galaxies can have similar Σ 1 values but that M BH differs strongly for these populations (line 18 of Table 1), implying that Σ 1 largely stops evolving in the GV while M BH keeps growing. 3) Based on SDSS galaxies, the entry to the GV (i.e., the quenching boundary) is parallel to the quenched ridgeline in Σ 1 -M * but is displaced downward from it by a fixed 0.2 dex at all stellar masses (Figure 5b, Luo et al. 2019 ). This justifies the increase of 0.2 dex applied to Σ 1 across the GV for all galaxies in Figure 4 (green vectors). 4) Likewise, the separation between the quenched and star-forming ridgeline is observed to be ∼ 1.5 dex at all stellar masses above 10 10 M in galaxies today (Terrazas et al. 2017 , Figure 3 ), which we take to be the amount of BH mass growth across the GV. (Note: the net vertical offset of the two ridgelines using these numbers turns out to be about 1.0 dex.) 5) Assumptions 3) and 4) imply that the lengths and slopes of the green GV tracks are independent of galaxy mass today and thus are parallel to one another; evidence is presented in Section 7.5 for the same behavior at higher z. 6) Finally, point 5) means that the slope of the lower track for star-forming galaxies is the same as the slope of the upper scaling law for quenched galaxies and hence can be determined from it. The preceding is a brief description; more details are given in Section 7.5. 28 The preceding paragraph motivates the scaling law that M BH = const. × Σ v 1 for star-forming galaxies today. We now extrapolate that rule and apply it to all star-forming galaxies at all redshifts and with a constant zero point. This is probably the weakest assumption in the model, but it is also the most important. Many studies, as reviewed by Ding et al. (2017) , demonstrate the existence of power-law M BH -M * and M BH -L relations at high redshift, but these are mainly for quenched galaxies, not star-forming galaxies. The best motivation may simply be that BH growth should depend on conditions near the center of the galaxy, which Σ 1 (and σ 1 ) succinctly characterize.
We stress again that the adopted rule for BH growth M BH ∼ Σ v 1 is the one needed for star-forming galaxies. The only reason for adding in a law for the green valley is to justify using the slope of the upper line, which is measured for quenched galaxies, for the slope of the lower line, which is needed for star-forming galaxies. However, we will see that the steep slope for black holes in the green valley helps to reconcile the differences among various black hole scaling laws and other data, as discussed in Section 7.7.
Combining the above logic we now have:
5. BH mass vs. Σ 1 for star-forming galaxies:
where u is the slope of the quenched ridgeline, and v = u/2.0. This is the blue track in Figure 4 . As noted, this relation is assumed to hold for all star-forming galaxies at all redshifts. Since M BH is uniquely specified by Σ 1 , this means that M BH -M * maps onto Σ 1 -M * and that M BH is now also joined to the Σ 1 -R e -M * space of starforming galaxies.
To this point, star-forming galaxies in the model have only one degree of freedom, which is M vir today (or alternatively M * today), and all galaxies of a given M * at a given redshift have the same R e = R e . It remains now to introduce the crucial radius variations about R e as a second parameter, without which there would be no variations in M BH at a given stellar mass. Measurable scatter is observed in R e at fixed M * for star-forming galaxies, with σ Re ∼ 0.20 dex at all masses 28 Two further remarks about the cartoon model of GV evolution in Figure 4 : 1) The evolution in BH mass vs. Σ 1 is steep, but this does not mean that it is necessarily rapid in time. The total time needed to cross the GV is not specified and could be long. Since AGN luminosities depend on BH mass accretion rates, they cannot be calculated without additional assumptions about GV crossing times. 2) The fractional BH mass growth in the GV is taken to be the offset between the star-forming and quenched BH mass ridgelines today from Terrazas et al. (2017) . However, this snapshot of the BH mass difference at the current epoch does not equal the BH growth factor for an individual galaxy if ridgelines are moving, as noted in Table 1 . The sense is that 1.5 dex is an overestimate, but the correction cannot be more than a few tenths of a dex, and we ignore it in what follows.
(vdW14). At this point, the introduction of scatter is purely empirical; discussion of the physical origin of R e -scatter is deferred to Section 7.2.
Adding radius scatter makes star-forming galaxies a twoparameter family labeled by M * and ∆ log R e . Looking ahead to the model with zero points in Section 4, we find it convenient to re-express these numbers in terms of the values for a galaxy and its halo at a starting redshift, z s , when the stellar mass M * = 10 9 M . Thus, the initial parameters at z s are M * ,s = 10 9 M , M vir = M vir,s , R e = R e,s , and R vir = R vir,s . How these parameters are set will be described in Section 4.2.
To model the scatter, we multiply each starting radius by a scatter factor R e,s / R e , where R e is the mean value of R e for 10 9 M galaxies at z s . The scatter factor is assumed to be constant throughout the star-forming phase, and its logarithm is assumed to Gaussianly distributed with σ = 0.2 dex. Every galaxy is now labeled by two numbers, the redshift z s at which M * = 10 9 M and the value ∆ log R e,s at that redshift. The latter is also equivalent to scatter in M BH and Σ 1 since previous equations imply:
and
Note that galaxies with larger R e at fixed M * have smaller BHs.
The next step is to evolve galaxies forward in time. To do this, another crucial assumption is made, namely, that the star-formation rate at a given mass is independent of R e . This fact is now firmly established by numerous studies on both SDSS (Omand et al. 2014; Lin et al. 2019) as well as CANDELS/3D-HST (Whitaker et al. 2017; F18; Lin et al. 2019) . Galaxies with the same starting M * but different starting radii therefore grow in M * at the same rate, and each starting mass cohort stays together. Since all relationships are power laws, it follows that ∆ log R e,s , ∆ log Σ 1,s , and ∆ log M BH,s are also all constant through time. In particular, galaxies at a given M * that start out with large radii always have smaller-than-average black holes, and vice versa. If quenching requires reaching some threshold BH mass, large galaxies will tend to do this later and attain a larger stellar mass before quenching. The fact that starting radius confers an M BH enhancement to some galaxies and a penalty to others is what creates the tilted quenching boundaries in R e vs. M * , Σ 1 vs. M * , and M BH vs. M * (cf. Figure 2) .
The final step is to specify the equation of the quenching boundary. For this, the empirical power-law model assumes that the total effective energy emitted by a BH during its lifetime is equal to some total energy quota that must be transferred to the halo gas in order to inhibit further infall onto the galaxy. We call the latter the halo quenching-energy quota, and for now we parameterize it as a power of the halo mass. Thus
or
where η is an efficiency factor for converting BH accretion energy into feedback energy. We reiterate that crossing over In the default model, star-forming galaxies enter along the blue track at lower left, begin to quench, turn off into the green valley along the steep green tracks, and come to rest at the top of the tracks along the quenched ridgeline (red dashed line).
The quenching boundaries, shown as the red lines in Figure 1 , represent entry into the green valley and thus correspond to the lower bends in the tracks, i.e., the bends in the tracks lie along the quenching boundary at each redshift. The different steep sections correspond to galaxies with different initial values of Re/ Re : small-radii galaxies turn off sooner and produce quenched galaxies with smaller M * , M BH , Re, and Σ 1 , etc. The effect of the quenching boundary moving in time is illustrated by the green parallelogram, which shows the location of the green valley at an earlier time when quenching values of Σ 1 and M BH were larger. Section 7.5 presents evidence that the green-valley portions of the tracks (green vectors) have the same slope and length independent of mass and time. If so, the star-forming and quenched galaxy ridgelines are parallel, and the observed slope and zero point of the upper relation can be used to determine the slope and zero point of the lower relation. This is the assumption employed in Item 5 in this section. The values of p,q for star-forming galaxies say that Σ 1 ≈ M * /Re for these objects, which is also approximately σ 2 e from (van den Bosch 2016), and thus also approximately σ 2 1 by our assumption that σ 1 ≈ σe. We have therefore taken the liberty of labeling the X-axis as the log of all of these quantities (ignoring the fact that Σ 1 ≈ M * /Re is not quite true for quenched galaxies). The black dashed line shows schematically what happens if one attempts to fit the BH masses of all galaxies with a single power law. The slopes of the upper and lower scaling laws are v = 1.76 in the model, whereas the slope of the black dashed line (in the same units) is ∼ 2.6. The points for the Milky Way and M31 are explained in Section 7.5. the boundary corresponds to entry into the GV, and thus that BHs should just be starting to affect their halos and galaxies at that point. The use of E quench to denote the critical halo energy is meant to be generic and does not mean that the energy transferred must be thermal; it could be mechanical, cosmic rays, or any other mode of energy/momentum transfer that can stop halo gas from falling onto the galaxy. This expression for the BH feedback as a power law of M vir is needed only during the star-forming phase in order to calculate the location of the quenching boundary and is not needed (or assumed to be valid) after galaxies pass over the quenching boundary. The value of t and the (evolving) constant are adjusted to match the adopted quenching boundary, which was taken to be offset by 0.2 dex from the quenched ridgeline above. We will find in the next section that the empirical value of t must be close to 2.0 in order to match the observed slopes of the quenched ridgelines in Σ 1 -M * and M BH -M * , and the constant must vary with time in order to match the observed motion of the quenched ridgeline zero points in those same spaces.
Quenching Boundary Power Laws
We now show that the above assumptions suffice to compute the slopes of the quenching boundaries in our various spaces as a function of s, t, and v. The boundaries are populated by galaxies of different M * , R e , Σ 1 , and M BH that arrive at the quenching boundary at the same time. Starting in Σ 1 -M * , take Eq. 10 for two such objects and substitute Σ v 1 ∝ M BH from Eq. 5 on the left-hand side and M * ∝ M s vir from Eq. 1 on the right-hand side. Terms cancel, and the resulting power-law slope in Σ 1 -M * is found to be t/vs. The slopes of R e on M * and M BH on M * are similarly found to be (q/p) − (t/vps) and t/s. These computed values involve three exponents: s, t, and v, which can now be set by comparing to three observational constraints:
1. Observed slope of the quenching boundary in Σ 1 vs. M * : Even though the spaces Σ 1 -M * , R e -M * , and M BH -M * are all closely related (for star-forming galaxies), the quenched ridgeline is narrowest and best measured in Σ 1 -M * , and so we start there. We have further assumed that the boundary is offset by a constant distance below the ridgeline by 0.2 dex at all masses (based on a feature in the local Σ 1 -M * distribution found by Luo et al. 2019 ) and therefore has the same slope as the ridgeline. B17 found the slope of this ridgeline to be nearly constant at 0.66 from z = 3 to now. 29 Thus:
where the error is based on the scatter in four independent measurements at four different redshifts in B17. This is the first constraint. 30 As discussed below, we do not use the quenched ridgeline slope in R e -M * as an observational constraint because of the sensitivity of effective radii to dry merging. However, the slope of the quenching boundary in R e -M * will be needed in future, and to obtain this, we take the slope in Σ 1 vs. M * and use the p,q mapping to re-express it in R e vs. M * . This ensures consistency between the two diagrams. Taking q = 1.1 and p = 1.0 for star-forming galaxies yields
where the second line follows from inserting p = 1.0 ± 0.01, q = 1.1 ± 0.01, and t/vs = 0.66 ± 0.02. Note that, although the quenching boundary and quenched ridgeline are assumed to be parallel in Σ 1 -M * , they are not parallel when mapped into R e -M * because quenched galaxies have different Sérsic indices and R e due to dry merging. This is a major reason why the quenched ridgeline in R e -M * has the steep slope of 0.75 (vdW14) whereas the quenching boundary slope in Eq. 12 is only 0.44.
2. Slope of the quenching boundary in M BH vs. M * : As shown in Figure 2c , the separation between quenched and star-forming galaxies in M BH -M * is a fixed ∼ 1.5 dex today for galaxies above 10 10 M (Terrazas et al. 2017 , Figure 3 ), and we assume that this is true at all redshifts. This implies that the quenching boundary is parallel to the quenched ridgeline in M BH -M * as in Σ 1 -M * , and the quenched slope in M BH -M * can therefore be used as another observational constraint on the unknown exponents s, t, and v. The local observed M BH -M * relation consists of a narrow ridgeline of fully quenched galaxies, with star-forming galaxies scattering below it (KH13; van den Bosch 2016; Terrazas et al. 2016; Krajnović et al. 2018 ). We equate 29 B17 set the cut for quenched galaxies at −0.7 dex below the star-forming ridgeline, which differs from our definition using −1.0 dex in Figure 1 . However, the ridgeline slope is insensitive to this definition since green valley galaxies and fully quenched galaxies occupy nearly the same regions in Σ 1 -M * (F13; B17). 30 For simplicity, the shape of the quenched ridgeline in Σ 1 -M * is assumed here to be a pure power law, as found by B17. Recent work by Luo et al. (2019) for SDSS galaxies indicates some downward curvature in Σ 1 -M * at high masses, which may actually improve quenching predictions for highmass galaxies, as discussed under Variant 1 in Section 6.1. the observed quenched ridgeline slope to that of local ellipticals and bulges, which is 1.16 from KH13. Thus:
where the error comes from KH13. Since classical bulges and ellipticals follow the same law, this slope is likewise insensitive to the precise definition of the sample. This is the second constraint.
3. Finally, the slope of the SMHM relation, s, is observed to be 1.75 based on the abundance matching results of RP17, to which we attach no error. This is the third constraint. For comparison, values of s found by Behroozi et al. (2019) are in the range 1.8-2.0 from z = 3 to now.
Constraints are now available from Items 1, 2, and 3, and the solution is uniquely determined. The combination s = 1.75, t/s = 1.16, and t/vs = 0.66 implies that t = 1.16 × 1.75 = 2.03 ± 0.14, and v = 1.16/0.66 = 1.76 ± 0.13, and from this last we derive u = 2.0v = 3.52±0.26, as was employed in Eq. 5 above.
We pause here to consider the uncertainties in these values. From the above, the formal errors are small, but the main unknowns are whether the cartoon model for BH mass growth in Figure 4 is correct and whether the same M BH -Σ 1 scaling relation for star-forming galaxies is valid at all redshifts. Additional specific evidence will be presented in Section 7.5 to support the cartoon picture. However, the general constancy of the cartoon relations with time is supported by the fixed power-law appearance of both the Σ 1 -M * and M BH -M * relations vs. redshift. Modest evolution in the zero points of the cartoon relations could perhaps be accommodated by other small zero-point adjustments, but large changes in the green valley vectors or in the exponent v for star-forming galaxies would induce changes in the quenched M BH -M * ridgeline slope that are not seen. Admittedly, the data on BH masses back in time are noisy (e.g., Ding et al. 2017) , which softens this argument somewhat. Nevertheless, in principle, constant slopes and relative offsets from z = 0 back to z = 3 of quenched and starforming galaxies in both Σ 1 -M * and M BH -M * impose strict constraints on the constancy of the quenching process, which is why these diagrams are so important.
Another concern is that the slope of the quenched ridgeline has been used to set the slope of the star-forming galaxies in Figure 4 , but quenched slopes may evolve after quenching due to mergers. For example, to match the scaling laws of quenched galaxies today requires R e ∼ M 2 * along the merging trajectory (e.g., Naab et al. 2009; vdW09) , and thus σ e ∼ M −0.5 * , i.e., σ e actually declines as galaxies merge! Both of these vectors (in R e vs. M * and σ e vs. M * ) point at angles to their respective ridgelines, and evolution along these vectors might therefore disturb the original slopes. Mergers of clusters of galaxies add further orbital energy to central galaxies, puff them up, and reduce σ e still more (Boylan-Kolchin et al. 2006; Lauer et al. 2007) . Some evidence of steepening in M BH vs. σ e at high masses has indeed been noted (Lauer et al. 2007; Gültekin et al. 2009; Krajnović et al. 2018; KH13) . To summarize, effective quantities like R e and σ e are strongly impacted by dry merging, and the expected evolutionary vectors are at angles to today's ridgelines, with unknown consequences for the ridgeline slopes over time. This makes effective quantities unsuitable as slope constraints, which is why we have not used them.
By contrast, merging is probably not as important for Σ 1 -M * , since centers are more immune to merging than envelopes and the slope of this ridgeline is actually seen to be constant over time (B17). In M BH -M * , if pre-existing BHs merge along with galaxies and BH mass is conserved, galaxies would tend to move along this ridgeline since its slope is near unity. This slope would then also be invariant. Hence, it is at least plausible that our calibrating slopes are both stable over time.
A final concern is the low value of u that we have derived, which has M BH ∼ σ 3.52±0.26 1 . This stems from v = 1.76, since u is 2 × v. But v is simply the ratio of the slopes of the quenched ridgelines in Σ 1 -M * and M BH -M * , both of which are well determined. Alternative values for u are 4.40 ± 0.30 for quenched ridgeline galaxies from KH13 and 5.35 ± 0.23 for all galaxies together from van den Bosch (2016). At first glance, these seem incompatible with our value of 3.52 and also with each other. (These laws use σ e while we use σ 1 , but the difference is probably not large.) However, as described in Section 7.7, Figure 4 helps to explain these values and justify a low value of v (and u) for star-forming galaxies.
To summarize, the empirical power-law model predicts a series of slopes and relations that can be fitted to observed quantities. The following three exponents are the basic unknowns: M BH ∼ M t vir (the halo energy quota needed to halt gas cooling), M * ∼ M s vir (the SMHM relation), and M BH ∼ Σ v 1 (the assumed relation between BH mass and central stellar density for star-forming galaxies). These three exponents, t, s, and v, predict the slopes of the two quenching boundaries in Σ 1 -M * and M BH -M * , which are observed, and s is separately measured from abundance matching. This makes three constraints, which together determine the three exponents.
4. THE EVOLVING EMPIRICAL POWER-LAW MODEL 4.1. Model for Galaxy Radii; Evolutionary Tracks The power-law exponents s, t, and v are now specified. The present section adds moving zero points and evolves star-forming galaxies along evolutionary tracks to create an empirical evolving power-law model, so-called because the halo energy quota, E quench , is represented as a power law in M vir with exponent t set to 2.0 to match the red quenchingboundary power laws in Figure 1 . In what follows, this is shortened to the "empirical power-law model".
The model starts by using our knowledge of how halos evolve in R vir vs. M vir to derive evolutionary tracks for central star-forming galaxies in R e -M * , Σ 1 -M * , and M BH -M * . Ingredients and assumptions in the model are listed in Table 2 . Accurate evolutionary tracks are necessary during the starforming phase in order to have galaxies cross the quenching boundary with the right structural parameters. To achieve this, a halo-based model is used to predict the evolution of galaxy M * and R e . The starting point is the formulae for halo mass growth and related galaxy parameters of central star-forming galaxies from Rodríguez-Puebla et al. (2015) and RP17. Figure 5 plots the resulting stellar and virial parameters for three representative different-mass halos and their associated galaxies vs. time. The adopted constant value for the ratio R e /R vir = 0.02 comes from the abundance matching results in RP17 for star-forming galaxies below M * = 10 10.5 M (see Item 2 in Section 3.1 and Figure D1 Figure D1 ). Tracks start at the starting redshift, zs, which is the redshift where stellar mass M * = 10 9 M . The quantity V vir is used in Section 5, which discusses the halo binding-energy interpretation of the halo energy quota. The quantity T vir is used to compute heating and cooling rates in Variants 3 and 4 in Appendix D.3.
For definiteness, the conventions we are using for M vir and R vir are based on the definition of halo overdensity ∆ vir by Bryan & Norman (1998) for an isothermal sphere mass profile. The formula relating virial mass and radius is:
where ρ m is the mean matter density Ω m ρ c (Rodríguez-Puebla et al. 2016b) and ∆ vir is given by Bryan & Norman (1998) . The quantity V vir is defined such that M vir = V 2 vir R vir /G. The tracks in Figure 5 are used to evolve central starforming galaxies in the R e -M * plane through time. In order to check them and to develop handy power-law approximations, Figure 6 replots them vs. M vir and M * , where the relations in Eq. 3 and Eq. 5 are used to derive Σ 1 and M BH from R e and M * . The solid lines are for the standard empirical power-law model, which has a fixed zero point in the SMHM relation. The dashed lines refer to the Variant 2 model, which puts the evolving zero point in the SMHM relation and is discussed in Section 6 and Appendix D.
The predicted tracks for R e in Figure 6 show the motions of single galaxies through time, whereas plots of observed R e vs. M * are snapshots of different galaxies at the same time. Such snapshots are seen to populate a broad range in R e , have a shallower slope than the individual evolutionary tracks, and have a ridgeline zero point that evolves upwards in time (vdW14). By definition, the peak of the ridgeline is the locus of galaxies with R e = R e . The properties of a ridgeline can There is significant real scatter in both Re and Σ 1 among star-forming galaxies at fixed M * and R vir . For star-forming galaxies, Σ 1 = const. M q * × R −p e , where q = 1.1 and p = 1.0. Fitted to CANDELS data in Appendix A.
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The star-formation rate of galaxies on the SF main sequence is independent of Re and Σ 1 at fixed M * . The energy quota that must be absorbed by the halo gas to initiate entry into the green valley in the empirical power-law model is E quench = ke(z)(M vir /10 12 M ) t with no scatter.
Assumed, Section 4.3
12 The energy quota that must be absorbed by the halo gas to initiate entry into the green valley in the bindingenergy model is 4 × E bind = 4 × 1/2M vir V 2 vir with no scatter.
Assumed, Section 5 13 Mergers during the star-forming and GV phases are ignored, and galaxies do not rejuvenate in the GV. Assumed throughout a This is the default assumption in both the empirical power-law and binding-energy models. An alternative version in which black holes grow rapidly just before entry into the green valley is discussed in Section 7.5. therefore be calculated from the formula for R e versus time from RP17. From Eq. 1, Eq. 2, and Eq. 14, we get:
Thus the predicted ridgeline slope ∆ log R e /∆ log M * = 1/(3 × 1.75) = 0.19, and the zero point evolves as ∆ Bryan & Norman (1998) prescription for ∆ vir is used. Both trends agree well with observed data as noted by vdW14, who found an average ridgeline slope of 0.22 and a zero point evolution of h(z) −0.66 . Further support for this radius model comes from vD15, who reviewed observational and theoretical data on evolutionary tracks for star-forming galaxies in R e -M * . They found an average slope for ∆ log R e /∆ log M * = 0.3, in reasonable agreement with our average track slope of 0.40 in Figure 6 .
A final consistency check can be made by comparing to slopes in Σ 1 -M * using the p, q mapping. A given log slope m in R e -M * corresponds to slope q − pm in Σ 1 -M * . For p = 1, q = 1.1, the predicted ridgeline slope for star-forming galaxies is then 1.1 − 1.0 × 0.19 = 0.91. This compares well to the fitted ridgeline slope in B17, which averages 0.88 at all redshifts. The corresponding evolutionary track slope is 1.1 − 1.0 × 0.40 = 0.70, just slightly steeper than the quenched ridgeline slope of 0.66. An additional check on this slope can be made by identifying a median star-forming galaxy at 10 8.9 M at z = 2.5 in B17, computing a stellar mass increase to 10 10.2 M at z = 0.75 (RP17), and placing it in the middle of the star-forming cloud in Σ 1 -M * of B17 at the new redshift and mass. The resulting changes are 1.30 dex in M * and 0.90 dex in Σ 1 , for a net evolutionary track slope of 0.69, in excellent agreement with the predicted slope (inferred from R e -M * ) of 0.70.
Finally, star-forming galaxies are assumed to evolve along the power-law SMHM relation (Eq. 1) until they quench.
In summary, a simple halo-based model for M * and R e appears to match acceptably the observed radii of starforming galaxies, their evolution in time after z = 3, and independent estimates of how individual galaxies move in R e -M * and Σ 1 -M * .
Starting Conditions for Each Galaxy
In order to ensure that galaxies cross the quenching boundary in the right place, star-forming galaxies must Evolutionary tracks from Figure 5 for central star-forming galaxies are replotted vs. mass, with Σ 1 and M BH added. The black solid lines are for the empirical power-law model with fixed SMHM zeropoint. The black dashed lines are analogous tracks for the Variant 2 model, which has an evolving zeropoint in the SMHM relation (Section 6.2). The corresponding red lines show approximate power-law slopes (with arbitrary zero points) that are valid for galaxies in the range M vir = 10 11.5-12.5 M and z = 3 to 0.5. The first exponent refers to the empirical power-law model with fixed SMHM zero point; the second exponent refers to the Variant 2 model with the evolving SMHM zero point. These slopes are useful for rough estimates; the actual curves are used when computing model predictions.
be properly positioned in Σ 1 -M * and R e -M * to start with. Power-law evolutionary tracks are now in place, but each model galaxy needs to be provided with appropriate starting conditions for entry onto its track. We start by choosing a galaxy stellar mass today and use the observed halomass-to-stellar-mass (HMSM) relation at z = 0 from RP17 to calculate a corresponding halo mass. 31 This halo mass is then propagated backwards in time using the RP17 halo mass evolution formula together with the power-law SMHM relation, M * = k m M s vir , until M * = 10 9 M , which sets the starting redshift, z s . This halo mass, stellar mass, and virial radius are then evolved forward using the halo evolution model of RP17 and the SMHM relation M * = k m M s vir . For the empirical power-law model, the zero point of the SMHM relation is kept fixed and k m is a constant.
It remains to scatter the starting effective radii. A mean starting R e,s at z s for galaxies with M * = 10 9 M is computed from the radius formula in Eq. 2, and galaxies are scattered above and below this value with a Gaussian distribution having σ log(R e / R e ) = 0.20 dex, which is the observed rms scatter in the radii of star-forming galaxies (vdW14; Somerville et al. 2018 ). An important simplification, as noted above, is that the star-formation rate of ridgeline galaxies on the star-forming main sequence is observed to be independent of R e at all redshifts (Omand et al. 2014; Whitaker et al. 2017; F18; Lin et al. 2019) , so that all galaxies in a given M * cohort stay together in mass regardless of their starting R e .
Evolutionary Tracks Relative to the Quenching
Boundary When the above evolutionary tracks were computed, a surprising fact emerged. We had anticipated that galaxies 31 The HMSM relation is the inverse of the SMHM relation, being the mean value of M vir observed at fixed M * today. It is taken from RP17 and is not a power law. would evolve through the R e -M * and Σ 1 -M * planes toward a boundary where specific star formation rate begins to fall below the star-forming main sequence value. Galaxies would move toward this boundary because their evolutionary tracks are angled relative to it, we thought, and eventually the two would intersect. However, we saw above that the observed quenching boundary in Σ 1 -M * has slope 0.66 (B17) whereas the estimated evolutionary track has slope 0.70, i.e., nearly the same. Likewise, the quenching boundary in R e -M * has slope 0.44 whereas the evolutionary track has slope 0.40, again nearly the same. In other words, the evolutionary tracks of star-forming galaxies make very acute "angles of attack" relative to the quenching boundaries. The concern then arises that many galaxies would never cross the boundary, i.e., that galaxies located well below it initially would quench very early while others with tracks above it never would.
The solution to this problem turned out to be the moving quenching boundary. A downward motion of −0.3 dex in the Σ 1 -M * quenched ridgeline zero point was measured by B17 from z = 2.5 to 0.5, and the corresponding upward motion in R e is +0.3 dex. Our quenching boundaries are tied to these ridgelines. This motion, which seems small at first sight, is actually the key ingredient in the empirical power-law model that causes galaxies to quench. Individual galaxies evolve roughly parallel to the boundary, but meanwhile the boundary sweeps over them, from above in Σ 1 and from below in R e .
To make further progress, this motion needs to be inserted into the expression for the quenching boundary. It was shown above in Eq. 10 that equating the total energy emitted by the BH to a power of halo mass can match the slope of the quenching boundary if t = 2.0. We now take that power-law relation and add a moving zero point:
where k e (z) varies with time and we have taken η = 0.01 (cf. Oppenheimer et al. 2019) . The left side is the effective emitted BH energy, E BH , and the right side is the halo energy quota for quenching, E quench . From M BH ∼ Σ v 1 (Eq. 7), we find that the change ∆ log k e (z) with time is equal to v times the change in the zero point of the quiescent Σ 1 ridgeline in B17 at fixed M * . A fit of this zero point vs. redshift, called B Q in B17, is shown in Figure B1 in Appendix B. It yields log B Q = 9.44 + 0.66 log(H(z)/H(0)), and thus k e (z) = k e (0) × h(z) 0.66v .
The constant k e (0) at z = 0 is used as a free parameter to match the absolute location of the quenching boundary at z = 0, assuming η = 0.01. Rather than match to the quenched ridgeline itself, however, we have offset entry into the green valley by 0.2 dex below the quenched ridgeline in Σ 1 -M * based on the data on green valley galaxies of Luo et al. (2019) , and we apply that same shift at all redshifts. The value of k e (0) is then found to be 10 17.66 km 2 sec −2 . Finally, the moving boundary in Σ 1 -M * is mapped into R e -M * using the p, q mapping. This prescription for k e (z) (and t) perfectly matches the red lines in Figure 1 .
We pause here to make two points. The first is that the moving zero point in Eq. 17 is needed to match the empirically determined quenching boundaries (red lines in Figure 1 ), which move with time. However, a more physically-based model for BH-halo quenching is offered in Section 5, which also naturally produces a moving boundary.
The moving boundary thus has two independent justifications: the need to match observational data on the one hand and the physical properties of gaseous halos on the other. The second point is that the presentation and labeling of quantities in Eq. 16 explicitly evoke the notion of a BH-halo energy balance, with BH energy on the left side and the halo quenching energy quota on the right side. We think that this presentation is helpful because it points the way to the more physically-based model that is coming in Section 5. On the other hand, one could omit the labels and view Eq. 17 simply as an empirical relation between M BH and a power of M vir plus moving zero point and save the physical interpretation until later. That is equally valid and, depending on one's preferences, might be regarded as a "cleaner" presentation.
More realistic evolutionary paths and quenching points of typical Milky Way-mass galaxies in R e vs. M * are illustrated in Figure 7 . The black line is for an average galaxy with radius R e = R e and M * = 10 10.6 M today. The blue tracks above and below are galaxies of the same starting mass but scattered up and down in R e by ±0.75 and ±1.5σ Re , where σ Re = 0.2 dex. Tracks with lower values of R e have higher BH masses and vice versa. The observed distribution of galaxies at one redshift, z = 0.5-1.0, is shown for comparison in the background. The diagonal red lines show the location of the quenching boundary at various times. Entry into the green valley occurs when a galaxy crosses the instantaneous boundary (red and white dots). It is seen that the tracks are inherently quite parallel to the boundary, and it is really the upward motion of the boundary that causes galaxies to cross it. Figure 7 . Sample evolutionary paths for a selection of galaxies of a given stellar mass in Re vs. M * in the empirical power-law model. The black line is for an average galaxy with radius Re = Re and M * = 10 10.6 M today. The blue tracks above and below that line show galaxies of the same starting mass but scattered up and down in Re by ±0.75 and ±1.5σ Re (two extra values are added on the low side). Tracks with lower values of Re have higher BH masses. The observed distribution of galaxies is shown for comparison at z = 0.5-1.0, colored by Σ 1 . The diagonal red lines show the location of the quenching boundary, which moves upward with time. Entry to the green valley occurs when a galaxy crosses the instantaneous boundary; such locations are shown by the red/white dots, which correspond to z = 1.76, 1.36, 0.90, and 0.43, from the bottom. The evolution of galaxies after entering the green valley is not covered by the model and is not shown.
To summarize, a galaxy is identified as starting to quench (i.e., entering the green valley) when the quenching condition in Eq. 17 is satisfied, and the redshift when this happens and its location are marked on the tracks. If the model is working, the locus of quenching galaxies at a given redshift should match the adopted quenching boundary at that redshift, which is 0.2 dex below the observed ridgeline of quenched galaxies in Σ 1 -M * .
All the power-law expressions used in the model and their absolute zero points are collected for reference in Appendix C.
Results for the Empirical Power-Law Model
Results for the empirical power-law model are shown in Figures 8 and 9 . Figure 8 plots the BH heating energy, E BH , and the halo heating-energy quota, E quench , vs. redshift for three different masses. The curves are labeled with ending stellar and halo mass today. The red dashed lines show E quench from Eq. 17, which depends only on halo mass and is therefore shown as a single line for each M * . The rainbowcolored bands show E BH ; their spread reflects the range of BH masses coming from a ±1.5σ scatter in R e (smaller R e and larger BHs are at the upper edges). A given galaxy quenches when its E BH line crosses above E quench . We stress that E quench is not necessarily thermal energy per se but rather expresses some sort of generic energy (or momentum) transfer from the BH to the halo gas that stops cooling.
We note that the E BH trajectories have been plotted ignoring the fact that galaxies begin to quench when they cross over the E quench lines and their subsequent M * and M BH evolution switches to the green valley vectors in Figure 4 . Star-forming galaxies therefore do not actually exist in these locations, but we have left them in place in order to better convey the fraction of galaxies at each mass and redshift that have quenched.
Several features are apparent. First, the E quench curves flatten over time for a given stellar mass despite the fact that the halo mass is always growing. In the empirical power-law model, this decline comes from the declining value of k e (z) in the E quench zero point (Eq. 17). Without this decline, E quench would continue to rise with M vir , and galaxies would quench late or not at all. Note that small-R e galaxies with bigger BHs quench sooner (upper envelopes). Finally one sees that a critical parameter is the "angle of attack" that a given E BH trajectory makes with E quench . We mentioned this angle before in the Σ 1 -M * and R e -M * diagrams; the concept here is similar -if the angle of attack is wide, all galaxies of a given starting M * will quench in a short space of time, and thus at nearly the same mass. This means that the length of the quenching locus (and the width of the green valley) for that-mass galaxy will be small. On the other hand, if the angle is acute, quenching takes a long time from smallest to largest R e , and the length of the quenching locus in M * will be large. Matching the observed large width of the green valley requires acute angles of attack, as discussed below. 32 Figure 9 shows corresponding snapshots of galaxies in the R e -M * and Σ 1 -M * planes at four redshifts. Each dot is a model star-forming galaxy of a given mass, and attached to each point is a short line showing its recent evolutionary track. These tracks are steeper in R e (and shallower in Σ 1 ) than the ridgeline of star-forming galaxies at each redshift, reflecting the slope difference between the distribution of galaxies at a given epoch vs. the evolutionary tracks of individual galaxies.
Five model galaxies are plotted in each mass cohort, corresponding to galaxies scattered by ±1.5 and ±0.75σ in Figure 8 . The BH energy output (E BH , rainbow bands) and the halo quenching energy quota (E quench , red dashed lines) in the evolving power-law model are plotted vs. redshift. Three representative z = 0 stellar-mass/halo-mass combinations are shown. E BH is the total effective energy emitted by the black hole to that epoch, and E quench is the total energy quota that needs to be absorbed by the halo to begin quenching (see Eq. 17). Galaxies below the red dashed lines have large radii, small BHs, and are still star-forming, while galaxies above the red dashed lines have small radii, large BHs, and have started to quench. (Note: galaxies above the lines have started to quench in reality, and so their values of M BH and E BH would be different than shown. Star-forming galaxies do not actually populate those locations; see text.) The width of the rainbow bands corresponds to scattering the initial values of Re,s by ±1.5σ = 0.30 dex, which scatters M BH by ±0.52 dex from Eq. 8. Galaxies with smaller Re (and bigger BH) at a given M * quench sooner. Notice the acute "angle of attack" between E BH and E quench and the tendency for a larger fraction of massive galaxies to quench. These trends fall out naturally from setting t = 2.0 and the evolving zero point of E quench to match the observed quenching boundary. The blue solid curves show the halo-gas binding energy content of the halo gas multiplied by 4. It is seen that E quench follows 4 × E bind very closely, showing that the empirical power-law energy quota we have used to quench a halo (Eq. 17) scales closely with the actual gas binding energies of halos (see Section 5). The red dashed lines and the blue solid lines here correspond to the red and blue quenching boundaries in Figure 1 . Six masses and four redshift ranges are shown. Each dot is a galaxy, and the short line attached to it is its recent evolutionary track. The pale green circles show the loci of galaxies that are entering the quenching boundary at that redshift, and the red lines underneath them are the observed quenching boundaries from Figure 1 (red lines) . A perfect match between these has been attained by choosing the right values of s, t, and v and by allowing the zero point in Eq. 17 to evolve appropriately. The model galaxy points have been scattered by a total of ±1.5σ in Re,s, and the shaded regions outline the corresponding ±1.5σ areas that are covered by star-forming galaxies in vdW14. The similarity of the two distributions indicates that our method for choosing starting values of Re,s (Section 4.2) has achieved a reasonable match between the regions populated by the model star-forming galaxies vs. observed galaxies. Notice that the individual evolutionary tracks are almost parallel to the quenching boundary and that galaxies cross the boundary because the boundary moves down in Σ 1 (or up in Re) to intercept them. Notice also the predicted "tongue" of star-forming galaxies at late times that extends to higher masses than observed. This is discussed in Variant 1 in Section 6.
initial R e,s , where σ = 0.20 dex. They are superimposed on a shaded region denoting the observed ±1.5σ range of observed star-forming galaxies at that redshift from vdW14. The model galaxy points populate the observed range of galaxies fairly well, which validates our scheme for starting galaxies at 10 9 M with R e = 0.02 × R vir at that time and growing R e in proportion to R vir thereafter.
Galaxies that are beginning to quench at each redshift are shown by the pale green points, which are populated densely in starting mass in order to show their locus clearly. The straight red lines are the quenched ridgelines of B17 displaced downward by 0.2 dex in Σ 1 to represent the adopted quenching boundary (entry into the green valley). They are the same as the red lines shown in Figure 1 . The good match between the red lines and the green points indicates that the zero point and redshift evolution of the quenching expression in Eq. 17 have been set correctly. The predicted slopes also match, indicating that the adopted values of t/vs, p, and q are also good fits. They are taken from Section 3 and are t = 2.03, v = 1.76, s = 1.75, p = 1, and q = 1.1.
INTERPRETATION OF QUENCHING IN TERMS OF
HALO GAS BINDING ENERGY Galaxies quench in the empirical power-law model when the total effective energy radiated by their accreting BHs equals the halo heating-energy quota E quench = k e (z)
Mvir 10 12 M t in Eq. 17 33 . The formulation of E quench as a power law of M vir was adopted to match the approximate power-law nature of the quenching boundary. However, there is no physical motivation, and it does not even quite workan ad hoc evolving zero-point correction had to be added.
An additional obvious energy to be considered is the binding energy of the halo gas. It is already known that the halo heating-energy quota E quench is of the same order of magnitude as that halo gas binding energy and thus that actual BHs emit enough power to influence their halos (Silk & Rees 1998; Ostriker et al. 2005; Bower et al. 2017; Oppenheimer 2018; Davies et al. 2019a; Oppenheimer et al. 2019) . If in addition we can show that halo gas binding energy varies similarly to E quench as a function of M vir and time, that would be additional evidence that BH energy beating against halo binding energy is the gatekeeper for entry to the green valley.
Our adopted expression for the halo-gas binding energy quota is:
where f B is the multiple of halo gas binding energy that needs to be supplied by the black hole at the quenching boundary, which we have taken to be 4, and f bary is the fraction of M vir in the form of gas, set equal to 0.1 throughout. Inserting this into Eq. 17 we now have a new quenching condition:
The quantity f B × E bind is plotted as the solid blue lines for the three typical halo masses in Figure 8 , and the equivalent quenching boundaries for this model are the blue lines in Figure 1 . Comparing these with the observed quenching boundaries (red lines), we see fairly good agreement in slope, average zero point, and zero-point evolution. The agreement in average zero point is not accidental and has been optimized by choosing f B = 4.
In contrast to the average zero point, the agreement in slope and zero-point evolution is unforced, as can be seen by considering the ratio of E quench to E bind . At fixed z, E quench varies as M 2 vir while E bind varies as M vir V 2 vir ∼ M 1.67 vir , which is similar but shallower. This slight difference accounts for the shallower slope of the blue lines in Figure 1 and also explains why the blue line lies above the red dashed line for small galaxies but below it for massive galaxies in Figure 8 . 33 In adopting this criterion, we have neglected possible energy transfer to the halo by supernovae (e.g. Dekel & Silk 1986 ) and by gravitational heating (e.g., Dekel & Birnboim 2008; ). In terms of raw power, black holes strongly dominate, but the major unknown affecting all of them is net efficiency. The model in this paper based on black holes alone is generic, but details could change if these other sources of energy were included. For a given galaxy over time, it may also be shown using the above equations plus M vir ∼ V 3 vir /h(z) that E bind /E quench evolves as M −0.33 vir h(z) 0.67−0.66v ∼ M −0.33 vir h(z) −0.49 . But M vir grows approximately as h(z) −1.50 over this redshift range, and so E bind /E quench ∼ h(z) 0.0 . In words, M vir is rising while h(z) is falling, and the two virtually cancel along a given evolutionary track. This is why the red dashed lines and blue solid lines are parallel in Figure 8 . Alternatively, the quantity E quench varies as k e (z)M 2.0 vir whereas E bind varies as M 2.0 vir R −1 vir , and a different interpretation is that the evolving term k e (z) is needed to mimic the behavior of R −1 vir over time. The question of the zero-point evolution of the boundary over time is slightly different from the evolution of an individual galaxy and is considered in Section 7.1.
To summarize, in agreement with previous work, we have shown that the energy available in the course of BH growth is the same order of magnitude or greater than the binding energy of the halo gas, and thus that BHs potentially produce enough energy to modify the state of their halo gas and impact gas cooling. In addition, we have also shown that halo gas binding energy has the right general behavior vs. M vir and time to match the observed tilted quenching boundaries in plots of galaxy structural parameters, and thus explain important structural scaling laws of quenching galaxies. The notion that halo-gas binding energy controls BH growth, and through that, quenching, was modeled by Booth & Schaye (2010 and has been seen and analyzed in the EAGLE simulations (Davies et al. 2019a; Oppenheimer et al. 2019) and in IllustrisTNG (Terrazas et al. 2019 ; the latter also shows a correlation with galaxy gas binding energy). Comparisons to these and other models are discussed in Sections 7.3 and 7.5. We state again that our model does not specify the nature of the BH feedback or how it interacts with the halo gas. It does not consider how the BH energy and/or momentum are transferred to the halo gas, whether large energy losses might be sustained in transit between the BH and the halo, or whether the halo gas radiates a large fraction of its energy over its lifetime that must be somehow replaced. These issues might disturb the close equality between the red and blue lines seen in Figure 1 , but detailed hydrodynamic modeling will be needed to explore these issues further.
6. VARIANTS OF THE EMPIRICAL POWER-LAW MODEL This section describes four variations on the empirical power-law model. Summaries are presented here, and details are given in Appendix D. Each one fails in some respect but all yield important insights into the sensitivities and basic physics of the problem.
Variant 1: A Broken Power-Law Model
A feature of the empirical power-law model that does not quite match observed data is the long "tongue" of star-forming galaxies extending up to M * > 10 12 M at late redshifts in Figure 9 . This tongue is due to the fact that we have used the curved HMSM relation from RP17 at z = 0 to find the starting redshifts, z s , but have calculated stellar masses going forward using the power-law SMHM relation of Eq. 1, M * = k m M s vir . Since the latter keeps climbing with M vir , massive galaxies that start near the knee of the real SMHM relation today can wind up with higher stellar mass than their assumed initial mass. Galaxies with M * > 10 10.7 M and large R e (and small BHs) are the objects that populate the massive tongue. We tried to limit this by keeping starting stellar masses close to the knee, which is at approximately 10 10.7 M in RP17. However, that is not high enough to populate the full mass range of observed star-forming galaxies, which reaches to ∼ 10 11.2 M in quantity at all redshifts (F13; vdW14; B17).
To attempt to cure this problem, the Variant 1 brokenpower-law model uses the same power-law SMHM relation for star-forming galaxies up to 10 10.7 M but switches to a flatter power-law for SMHM above that. This retards stellar mass growth and also black hole growth, since Σ 1 is not increasing. The results are shown in Figures D1  and D2 in Appendix D.1. With the new relation, galaxies that would have quenched eventually at very high mass now stop growing but never quench. This solves the too-massive galaxy problem, but these galaxies are now permanently stuck in a star-forming state because their BHs never grow large enough. Thus, truncating the SMHM relation does not solve the problem.
On the other hand, more recent information about the shape of the quenching boundary from a large sample of SDSS galaxies (Luo et al. 2019) offers a different solution. The quenched ridgeline in Σ 1 -M * in this new sample is seen to bend over to lower Σ 1 at high stellar mass, which would create a matching bend in the quenching boundary using our assumptions. Our assumed straight power law lies about 0.2 dex above the new SDSS ridgeline at 10 11.4 M , and it is seen from Figure 9 that bending the ridgeline down by this amount would remove all of the problem massive galaxies.
We conclude that the existence of too-massive star-forming galaxies in the model may be an artifact of assuming a linear power-law quenching boundary, whereas the real boundary curves down slightly in Σ 1 at high mass. This curvature could be due either to larger BH mass growth per galaxy than the model assumes or to a change in the structure of massive halos making them easier to quench. Either way, the lesson of Variant 1 is that the fraction of quenched vs. starforming galaxies at high mass is very sensitive to the detailed shape of the quenching boundary, and a thorough physical understanding will be needed to predict it accurately. A consequence is that the shape and location of the quenched mass function at high values of M * is difficult to predict. 6.2. Variant 2: Move the Evolving Zero Point from E quench to the SMHM Relation We have noted that the assumed location of the quenching boundary evolves in Σ 1 -M * , and the empirical power-law model matches this by evolving the zero point, k e (z), of E quench in the quenching equation, Eq. 17. An alternative approach that is mathematically similar is to move the evolving zero point to the SMHM relation in Eq. 1 and remove it from E quench . The expression that we have used for the SMHM relation in this case is derived in Appendix D.2. It makes the zero point of M * vs. M vir larger by about 0.5 dex at z = 0 compared to z = 2. This grows BHs more quickly, which allows them to overcome halos without resort to k e (z). Evidence for changes in the SMHM relation back in time that bears on this change is summarized in Appendix D.2.
Mathematically, this model achieves the exact same match to the slope and zero-point evolution of the quenching boundaries as the empirical power-law model. However, the growth of galaxy properties vs. galaxy mass is different, as shown by the dashed lines in Figure 6 . Most important, BHs grow more rapidly at late times, so quenching starts later than observed, i.e., around z = 1 (see Figure D3 in Appendix D.2). Trying to move the onset of quenching earlier by increasing η in Eq. 17 only produces over-quenching at late times. Also, the more rapid growth in E quench with time no longer parallels the slower growth in halo gas energy content, E bind , as shown in Figure D3 in Appendix D.2. The nice physical argument equating E quench with E bind is therefore broken, and the model is also less attractive on that account. However, the important lesson from Variant 2 is that significant changes to the zero point of the real SMHM relation back in time would require compensating changes in E quench , which could threaten its interpretation as halo gas binding energy and also the agreement of the model with data. Accurate measurements of the SMHM relation back in time are therefore a crucial input to the model.
Variants 3 and 4: Mass Rates or Energy Totals?
A major difference between the empirical power-law model and other halo-heating models is that the latter often use heating and cooling rates whereas the empirical power-law model compares the total energy emitted by the BH to a total energy quota required by the halo to quench (Eq. 17). This usage is especially common in semi-analytic models (e.g., Bower et al. 2006; Croton et al. 2006; Somerville et al. 2008; Henriques et al. 2015) . We have briefly explored whether Eq. 17 can be recast in terms of rates. For this purpose, in both Variants 3 and 4, the halo energy quota, E quench , on the right side of Eq. 17 is replaced by the halo mass-cooling rate,ṁ cool , from Croton et al. (2006) (also White & Frenk 1991; Cole et al. 2000; Somerville et al. 2008; Guo et al. 2011; Henriques et al. 2015) .
To replace total energy from the BH on the left side of Eq. 17 by an analogous mass-heating rate, the BH mass accretion rate must be known. Two variants are tried. In Variant 3, the rate is obtained by differentiating the instantaneous M BH values from the evolving empirical powerlaw model. In Variant 4, the BH accretion expression introduced by Croton et al. (2006) to supply the heating rate for radio mode is used. Equations are given in Appendix D.3, and the accretion rates vs. time are compared in Figure D4 to each other and to the empirical power-law BH masses. It is seen that the Variant 3 BH accretion rates fall strongly at late times, the Variant 4 accretion rates grow super-exponentially at late times, and the empirical power-law total BH masses grow moderately at all times.
Moreover, in order to compute Variants 3 and 4 in a fashion that is exactly parallel to the empirical power-law model, we also need to take into account any effect that radius variations, R e / R e , would have onṀ BH . This is automatically taken care of for Variant 3 becauseṀ BH is based on the time derivative of M BH from the empirical model, which itself is scattered by R e / R e . In contrast,Ṁ BH in Variant 4 depends only on M BH and halo V vir , neither of which varies directly with R e / R e , so no scatter is applied.
The consequences of these different rates for heating vs. cooling and the location of the quenching boundary in Σ 1 -M * are illustrated in Figures D5-D6 for Variant 3 and Figures D7-D8 for Variant 4. Both rate formulations fail badly. Variant 3 fails because the turndown in BH accretion rates means that galaxies stop quenching at late times. Variant 4 fails because it is a single-parameter model with no scatter, and only a single mass is predicted to quench at any epoch. It therefore fails to match the finite width of the green valley and the tilted quenching boundaries. Its characteristic quenching mass also drifts down by 0.5 dex with time, in disagreement with the observed green valley.
Variant 3 illustrates the point that the BH and halo heating and cooling terms need to march closely together in zero point vs. time in order to feed galaxies smoothly across the entire width of the green valley with the same average mass at all redshifts and at a uniform rate. BH energy rates vary a lot at late times, whereasṁ cool for halos (Eq. D2) hardly varies, and this produces a mismatch. More generally, matching a power-law-shaped quenching boundary is most naturally accomplished using BH and halo expressions that are logarithmically featureless. This favors the use of galaxy and halo structural parameters, which vary smoothly with time and mass, and disfavors the use of rates, which can vary irregularly (cf. Figure D4) .
Variant 4 illustrates the point made in the Introduction that the observed properties of quenching galaxies are basically a two-parameter family at each epoch whereas models based just on halo cooling (like Variant 4) are only a one-parameter family. Rescuing such models would require modulating black hole masses about their mean values in such a way as to match both the width of the green valley and the slopes of the quenching boundaries. While potentially interesting, this would take us beyond the scope of this paper.
DISCUSSION
The Discussion has eleven sections. The first explains the successes ascribed to the model in Table 1 . From there, we consider origins for the scatter in the effective radii of star-forming galaxies, which is a necessary ingredient. Subsequent sections discuss quenching, compaction, BH growth through the green valley, and BH scaling laws. The latter open the way to discussing the BH-halo connection and the meaning of BH-galaxy "co-evolution". Finally, we close with a comparison to the L16 quenching model.
Scorecard for the Binding-Energy Model
This section reviews the ability of the model to match the observational data listed in Table 1 . By "model" we henceforth mean the empirical power-law model from Section 4 that includes the cartoon evolutionary tracks in Figure 4 but with the halo energy quota, E quench , replaced by halo binding energy, E bind -i.e., the blue lines in Figure 1 . This model will henceforth be called the "binding-energy" model, and it is the major end-product of this paper. Column 1 in Table 1 indicates the success of this model by using the line number without brackets to indicate observations that are well explained by the model and the line number with brackets to indicate partial successes. We note that the binding-energy model has only one free parameter, and that is the constant f B in Eq. 20, which has been set equal to 4 to make the zero point of the blue lines match that of the red lines in Figure 1 on average. 34 All other features of the model originate either from the halo-based model for star-forming galaxies or from the assumed quenching criterion based on halo-gas binding energy. Hence, none of the observations in Table 1 have been built into the model at the start or have been used to calibrate it, and all of the successes and partial successes there are new. 34 The exact value of f B depends on the assumed value of the black hole efficiency factor η, and we are actually adjusting the ratio of these two quantities.
The starting point for the binding-energy model is the placement of star-forming central galaxies at the centers of dark halos, with M * and R e derived from halo M vir and R vir . As pointed out by vdW14 and noted again in Section 4.1 here, this simple halo-based approach matches rather well the ridgeline slope, zero-point evolution, and evolutionary trajectory slopes of star-forming galaxies in R e -M * and, through the p,q mapping, also in Σ 1 -M * . These are lines 4, 5, 8, and 9 in Table 1 , which are indicated as successes. In contrast, the observed slopes of the quenching boundaries in Figure 1 are also constant with time in the binding-energy model, but the predicted slope is a bit too shallow in Σ 1 -M * (too steep in R e -M * ), and the zero-point motion is a bit too small in both plots (blue lines in Figure 1 ). Using the assumed scaling law between M BH and Σ 1 (Eq. 7) would produce similar results for M BH -M * (not shown). Lines 10, 11, and 12 for the quenched ridgelines have accordingly been recorded as partial successes.
We pause here to note that the observed positive zero-point offset of the M BH -M * relation at early times (Peng et al. 2006; Treu et al. 2007; Woo et al. 2008; Gu et al. 2009; Decarli et al. 2010; Bennert et al. 2010 Bennert et al. , 2011 Ding et al. 2017) has been interpreted to mean that BHs form before the stars of their host galaxies (e.g., Peng et al. 2006; Treu et al. 2007; Bennert et al. 2011; Ding et al. 2017) , making BHs appear larger back in time at a given stellar mass. This interpretation is contrary to our model, which says that BHs experience their major growth in the green valley just as star-formation is slowing to a halt, and thus that black holes form after most of the stars. The model has a different explanation for this offset, namely, that the quenching boundary in M BH -M * has moved down with time and was higher in the past. The predicted offset at fixed mass is approximately v× 0.3 dex = 0.5 dex back to z = 3, which is in good agreement with the data (Ding et al. 2017) . The insight gained is that offsets of quenched scaling laws with time are not necessarily due to growth-time differences but may rather reflect motions of the quenching boundary.
The next datum is that the observed zero point of the quenched ridgeline in Σ 1 -M * evolves downward as h(z) 0.66 (Appendix B), while the observed zero-point of the starforming ridgeline in the same plane also evolves downward as h(z) 0.66 (from the measurement of R e by vdW14, transferred to Σ 1 via the p, q mapping). It is this equality, cited in line 16 of Table 1 , that maintains star-forming galaxies in the same relationship to quenched galaxies over time in Σ 1 -M * and is the reason why this diagram looks the same at all redshifts (except for a bulk vertical shift). This synchronized motion means that the quenching boundary cuts through the star-forming distribution over the same range of masses at all redshifts. This is seen in the predicted model quenching loci of Figure 9 , where the smallest galaxies always enter quenching near 10 9.5 M and are fully quenched by 10 10 M , which is the observed lower edge of the high-mass quenching channel at all redshifts (B17). Finally, this same, constant vertical offset between the quenching boundary and the starforming cloud ensures a smooth, steady flow of galaxies across the boundary at all times (line 3 in Table 1 ). The delicacy of achieving this is illustrated by Variant 3, which fails to do this.
The synchronized motion of the quenched and star-forming clouds in Σ 1 -M * is thus a basic feature of the data that requires explanation, and the model provides separate estimates for the motion of both zero points. The evolution of the star-forming ridgeline at fixed mass in Σ 1 -M * goes as R −p e ∼ R −1 e ∼ R −1 vir ∼ h(z) 0.74 (this last from Eq. 15 in Section 4.1). The zero-point motion of the quenching boundary (and quenched ridgeline) varies as E 1/v bind ∼ (M 2 vir /R vir ) 1/v , which at fixed M * goes as R −1/v vir ∼ h(z) 0.74/v ∼ h(z) 0.42 . The two exponents of h(z) are therefore similar but not quite the same, differing by the factor v. This explains why the zero point of the blue line moves down more slowly than the red line in Figure 1 , leaving a residual in Σ 1 of about 0.1 dex. Based on this partial success, line 16 is given a bracket. Booth & Schaye (2011) also noted that the quenching zero point of models in which BH binding energy output is balanced against halo binding energy would be higher in the past.
We turn next to the highly acute "angles of attack" of the evolutionary tracks relative to the quenching boundary, which are another essential feature of the model. Evolutionary tracks in Σ 1 -M * have slope 0.70 ( Figure 6 ) while the observed quenching boundary has slope 0.66, i.e., nearly the same. Likewise, tracks in R e -M * have slope 0.40 in the same figure, while the quenching boundary has slope 0.44, again, nearly the same. It is these small differences that enable galaxies with the same M * but only slightly different R e and Σ 1 to evolve to very different final quenching masses. This broadens the quenching locus to cover a full dex in mass, like the real green valley (line 2 in Table 1 ). The acuteness of these angles comes from the small angle between E BH and E bind in Figure 8 . Using the growth scaling laws in Figure 6 , it can be shown that the ratio E BH /E bind evolves slowly as M 0.5 * for a given halo, explaining the acute angle. Line 2 is marked as a success in Table 1 .
Line 14 in Table 1 notes that ridgelines are narrow in Σ 1 -M * and M BH -M * but broader in R e -M * , especially at high z. The basic narrowness in Σ 1 and M BH is due to the fact that galaxies stop evolving and pile up along these loci. The broader width of R e -M * reflects the additional impacts of compaction (see Section 7.4) and dry minor mergers (e.g., Daddi et al. 2005; Trujillo et al. 2006; van Dokkum et al. 2008; Naab et al. 2009; van Dokkum et al. 2010; Szomoru et al. 2012; Oser et al. 2012) . The needed evolution goes as R e ∼ M 2 * , which is steeper than the quenched ridgeline itself (R e ∼ M 0.75 * ), thus broadening (and steepening) it significantly. Hence, assuming a little help from compaction and dry merging, line 14 is marked as a success.
The location and width of a quenched ridgeline today depend on the location of the boundary now, where it was in the past, and how previously quenched galaxies move after quenching. If post-quenching evolution does not exactly follow the boundary motion, the ridgeline will be stratified, with early-quenched galaxies systematically offset from latequenched ones, an example of "progenitor bias" (e.g., Carollo et al. 2013; Poggianti et al. 2013) .
B17 listed three factors that tend to make quenched galaxies stay close to the downward-evolving ridgeline in Σ 1 -M * . They are: stellar mass-loss coupled with adiabatic expansion, core scouring by BH mergers in merging galaxies, and dry merging. With three mechanisms helping, we thus expect that stratification in Σ 1 -M * should at most be moderate.
However, evolution in M BH -M * is different. Stellar massloss does not affect BH mass, and thus moves galaxies to the left, above the relation, not downward. Second, if BH's merge along with their host galaxies, this would tend to evolve objects along their original loci since the log slope is near unity, leaving their vertical residual unchanged. Finally, core scouring does not alter either M BH or M * . The net result is that quenched objects should not follow the moving ridgeline as closely in M BH -M * as in Σ 1 -M * , and progenitor bias should be larger.
Age stratification in the quenched ridgeline has been measured in M BH -M * by Martín-Navarro et al. (2018) and a smaller amount in Σ 1 -M * by Tacchella et al. (2017); Luo et al. (2019) , both in the sense that early-quenched galaxies fail to keep up with the moving boundary. The magnitudes of these effects are generally consistent with the model, and line 15 has been marked as a success.
Finally, line 13 says that M BH varies as some power M w * R −w e for quenched and star-forming galaxies together but as a smaller power than w for quenched galaxies alone (van den Bosch 2016; KH13). Since M * /R e ∼ σ 2 e and σ 1 ∼ Σ 0.5 1 (F13), a power-law relation of some sort in M * R e follows naturally from M BH ∼ Σ v 1 if σ 1 ∝ σ e . However, w should equal v in that case, whereas van den Bosch (2016) finds that w = 2.7 while we find v = 1.76. This mismatch is related to the low value found for u = 3.52 in Section 3.1. Both discrepancies are discussed further in Section 7.7, where we show that the broken power-law evolutionary tracks in Figure 4 can explain both. The model is therefore given credit for a full success in line 13.
The above discussion covers all of the items without brackets in Table 1 . Lines 6 and 7 (with brackets) involve the exact values of the slope and zero point of the quenched ridgeline in R e -M * . These depend on how radii evolve after quenching, which is not included in the model, and thus only partial credit is given for getting their locus in roughly the right place. The different zero-point evolution of R e -M * vs. Σ 1 -M * (line 17) is attributable to the larger impact of postquenching mergers on R e than on Σ 1 , and so partial credit is given to that line as well.
A final test would compare model BH mass accretion rates, M BH , to X-ray luminosities back in time. Black holes grow as powers of Σ 1 in both the star-forming phase and in the green valley, and their growth rates should correlate with Xray luminosity. We attempted this comparison, but current data are not yet ideal. On the one hand, the model in Figure 4 predicts different behavior as galaxies evolve from the starforming ridgeline into the green valley. On the ridgeline,Ṁ BH is larger in smaller-radii galaxies since their black holes are larger at fixed M * . Hence, ridgeline star-forming galaxies should be binned by M * and R e . As galaxies enter the GV, M BH increases and then declines as quenching sets in. Hence, galaxies in the GV should be binned by M * and star-formation rate. None of the published analyses follows these exact rules, but some encouraging trends are apparent. Ni et al. (2019) investigate the connection between black-hole growth and galaxy radius and find that star-forming galaxies with higher Σ 1 at fixed mass have higher L X . This agrees with the model prediction for ridgeline galaxies, but their star-forming sample also includes the green valley. Aird et al. (2019) investigate the connection between black-hole growth and star-forming state and find that L X is ×2-3 higher in the bin from −0.4 to −1.3 dex below the main sequence. This agrees with predicted higher accretion rates in the green valley, but the binning is coarse and all galaxies above 10 10 M are lumped together. In summary, detailed comparison to our results is not yet available, but further exploration of X-ray luminosities using better sample binning could be valuable.
The Origin of Scatter in Effective Radii
A central feature of the binding-energy model is that starforming galaxies at a fixed stellar mass have different effective radii. Radii differences in real galaxies correlate with central Σ 1 (Figure 1 ), and these in turn are assumed to induce differences in BH mass and BH feedback. Since the model assumes that all galaxies of the same stellar mass have the same dark-halo mass (while star-forming), the R e differences that are crucial to the model must come from some parameter other than halo mass.
Understanding the connection between dark halos and galaxy radii has a long history (see reviews by Somerville et al. (2018) ; Wechsler & Tinker (2018) ). Mo et al. (1998) introduced the often-used formula for the exponential disk scale length r d = 1/ √ 2λR vir , where λ is the dimensionless halo spin parameter. From this, it was natural to hypothesize that variations in λ are responsible for generating scatter in R e , and, indeed, the scatter of λ in N-body halo simulations has about the right magnitude. However, closer inspection has revealed that the observed rms scatter in R e is only 0.2 dex (vdW14) vs. 0.25 dex seen for λ in the models, leaving no room for any other sources of scatter or measurement error (Desmond & Wechsler 2015) . Detailed hydro simulations also indicate that cooling gas has biased angular momentum to start with and gains or loses large amounts of angular momentum while falling in (e.g., Pichon et al. 2011; Stewart et al. 2013; Danovich et al. 2015; Stevens et al. 2017; Jiang et al. 2019) , blurring any connection between original and final angular momenta. Indeed, galaxy radius is seen to be almost uncorrelated with halo λ in EAGLE (Desmond et al. 2017 ). Jiang et al. (2019) also find a poor correlations in VELA simulations (Ceverino et al. 2014 ) and in NIHAO simulations (Wang et al. 2015) .
Although halo spin is therefore probably not the origin of galaxy radii differences, an interesting alternative is halo concentration, c. Jiang et al. (2019) find that the radii of VELA and NIHAO simulations obey R e = 0.02R vir (c/10) −0.7 , with galaxies being smaller at fixed halo mass in higherconcentration halos. This is plausible since a greater fraction of the matter in a high-concentration halo falls in at earlier times, when the universe was denser. The binding-energy model then says that such galaxies would then have relatively larger black holes owing to their higher stellar densities. Interestingly, a trend for larger BHs in higher-concentration halos is seen in both the EAGLE simulations (Davies et al. 2019a; Oppenheimer et al. 2019 ) and in IllustrisTNG (Davies et al. 2019b) , which the authors ascribe to higher mass accretion rates inducing faster BH growth in high-c halos at earlier times.
For the purposes of this paper, the origin of radius scatter does not need an explanation -the R e offset of a galaxy could be a separate random variable that is assigned at birth and is unconnected to halo properties, or it could be due to some as-yet-unidentified halo property. It is only needed that a galaxy's ∆ log R e offset stay constant during the starforming phase, so that galaxies evolve on parallel tracks in R e -M * . Significant amounts of track-crossing would broaden the Σ 1 -M * and M BH -M * relations since Σ 1 and M BH cannot easily decrease if galaxy radii go up, and such broadening should be looked for in both simulations and in real data. Nevertheless, it would be a pleasing addition to the model if the second parameter needed to characterize galaxy radii could also be identified with a second parameter of their halos, and concentration is an attractive candidate. We return to this question in Section 7.8.
Quenching in the Binding-Energy Model Compared to
Other Theoretical Models; Characteristic Mass Scales It is instructive to compare the BH accretion and quenching processes in the binding-energy model to analogous mechanisms in current SAM and hydro models. The following summarizes the kinds of feedback mechanisms in these models:
Stellar feedback. This is the most basic feedback mechanism, present in all models. Energy/momentum from young massive stars and SNae drive a wind that expels gas from a galaxy during the star-forming phase.
Quasar mode (Croton et al. 2006; Somerville et al. 2008; Henriques et al. 2015) , also called "bright mode" or "high mode" (Somerville et al. 2008; Pillepich et al. 2018) or "radiative mode" (Somerville & Davé 2015) . This is the principal mode of BH growth in many models, in which major AGN mass-accretion events are triggered by mergers (Hopkins et al. 2006) or by disk instabilities (Cattaneo et al. 2006 The key feature of quasar mode (in most models) is that the black hole accretion rate is high. Quasar-mode winds and/or stellar feedback tend to be the dominant forms of feedback during most of the star-forming phase in most hydro models.
Radio mode (Croton et al. 2006; Somerville et al. 2008; Henriques et al. 2015) , also called "kinetic mode" or "low mode" (Weinberger et al. 2017; Pillepich et al. 2018) , or "jet mode" (Somerville & Davé 2015) . Hot halo gas is accreted slowly onto a central BH, producing radio jets that heat and maintain the hot halo. This requires the prior existence of a hot halo and therefore tends to come late in a galaxy's lifetime. The key feature of radio mode (in most models) is that the black hole accretion rate is low. Radio mode may end the star-forming phase, as in IllustrisTNG (Weinberger et al. 2017; Davies et al. 2019b; Terrazas et al. 2019 ), or it may maintain a low star-formation rate after other mechanisms (e.g., quasar-mode and stellar feedback) have ended star formation. The standard picture is often the latter.
Halo quenching Blumenthal et al. 1984; Silk et al. 1986; Birnboim & Dekel 2003; Keres et al. 2005; Dekel & Birnboim 2006; Dekel et al. 2019 ). As halos grow in mass, their gas becomes hotter and more dilute, which retards cooling. A critical halo mass has been proposed, M crit ∼ 10 11.5-12 M , above which halos fill with hot gas that cannot easily cool, and star-formation shuts down. This transition is also accompanied by a change from "cold streams" to "hot flows" (Keres et al. 2005; Dekel & Birnboim 2006; Keres et al. 2009 ), which are also less able to penetrate to the central galaxy.
Late infall dry-up. This refers to the fact that the specific accretion rate of gas onto halos declines after z ∼ 1 in all cosmologies, regardless of Ω m or Ω Λ (Dekel & Mandelker 2014) . Though not a feedback process per se, it lowers the amount of gas available for star formation (Bouché 2010; Davé et al. 2011 Davé et al. , 2012 Krumholz & Dekel 2012; Dekel et al. 2013; Lilly et al. 2013; Dekel & Mandelker 2014; Forbes et al. 2014; Feldmann 2015; Mitra et al. 2015; Rodríguez-Puebla et al. 2016a ) and retards halo cooling by keeping gas densities low at late times. Three features differentiate the binding-energy model from previous models. The first is that the ability of AGN feedback to quench is often based on the rate of BH gas accretion vs. the rate at which the halo gas cools. This criterion is particularly common in SAMS (e.g., Croton et al. 2006; Bower et al. 2006; Somerville et al. 2008; Henriques et al. 2015) . In contrast, the binding-energy model integrates total BH energy over time and compares it to the total binding energy of the halo. The impact of the difference was explored in Variants 3 and 4 in Section 6, where it was shown that rate formulations do not have the right behavior vs. time to match the data. Interestingly, quenching in the EAGLE simulations seems to obey the halo binding-energy criterion (Davies et al. 2019a; Oppenheimer et al. 2019 ) while quenching in IllustrisTNG seems to obey both a halo binding-energy and a galaxy binding-energy criterion (Davies et al. 2019b; Terrazas et al. 2019 ).
The second difference is that multiple mechanisms typically operate together in SAM and hydro models to initiate quenching, and the decisive mechanism in any one galaxy can be hard to identify. Such is the case, for example, in the Somerville et al. (2008) SAM (Pandya et al. 2017) . In contrast, the binding-energy model assumes that each galaxy evolves along the SMHM relation while star-forming, kept there (in some unspecified way) by the right combination of stellar and AGN feedback. The onset of (visibly apparent) quenching is then the well defined point when total AGN output surpasses f B ×halo gas binding energy.
The third difference is the degree to which models match all the features of the green valley. Most other works have focused on simply replicating the constant value of M * ,GV over time, which only requires a characteristic mass. A plausible value for this mass, cited in many works, is the value of M * at the critical halo cooling mass M crit (e.g., Birnboim & Dekel 2003; Keres et al. 2005 Henriques et al. 2019 )wind failure in these models allows central gas to accumulate (e.g., Dekel & Silk 1986 ), which fuels rapid BH growth, which causes quenching. However, as we have stressed, the green valley exhibits several other features beyond mere constancy of M * ,GV , namely, a stellar mass width of at least 1 dex, tilted boundaries between quenched and star-forming galaxies in Σ 1 -M * and R e -M * with galaxy properties varying smoothly along these boundaries, and the moving boundary zero points with time. It has not yet been demonstrated that existing models can explain all of these properties.
The binding-energy model explains them by introducing a second parameter, R e / R e , which controls black hole mass, and then balancing black-hole energy against halo energy.
The constancy of M * ,GV in our model thus has nothing to do with M crit or with supernovae winds and comes instead from the fact that the quenching mechanism evolves in such a way as to keep the quenching boundary located in the same place relative to the blue cloud over time. Granted, it is fortunate (for the model) that M crit is near 10 11.5-12.0 M and not larger, as having M vir > M crit as a threshold for effective BH energy transfer to (hot) halo gas is then enabled. In the same way, prior supernovae wind failure may be another necessary precedent for quenching. However, our definition of quenching is carefully defined as the entry-point to the green valley, i.e., when quenching just begins to impact total star-formation rate perceptibly. In the binding-energy model, this point is not set by the cooling ability of the hot halo gas or by the failure of supernovae winds but by the cumulative effect of black hole feedback on the halo gas. The characteristic masses set by halo cooling or by supernova winds are therefore not fundamental in the binding-energy picture -they merely need to be small enough -and though they may be related to the average green-valley stellar mass, they are not identical.
It may be asked if there is a characteristic halo mass in the binding-energy model, and the answer is, yes. This is the halo mass, M vir,cross where the growing energy from the BH during the star-forming phase crosses the binding energy of halo gas. Scaling laws in the Appendix may be combined with the quenching condition in Eq. 20 to yield:
where the constants k are the zero points of the five relevant scaling laws from Appendix C and we have inserted our best values for p, q, and s. M vir,cross will be a fundamental mass if the constants k are fundamental numbers. The value of k Rvir scales R vir to M vir and is set by the zero point of the initial density fluctuation spectrum, which is a fundamental constant of our Universe. The value of k Σ1 is the zero point in the p,q mapping for star-forming galaxies and is just geometry for an n = 1 galaxy once M * and R e are known. The value of k Re scales R e to R vir and has the value 0.02 in order to match the observed radii of galaxies. The value of k m is the zero point of the SMHM relation. Finally, the value of k BH is the zero point in M BH = k BH Σ v 1 , which describes how efficiently galaxies make black holes during the star-forming phase. Thus, the first two of the constants are already known, and it will be possible to write down the values of the other three in fundamental units once galaxy radii and black-hole building are fully understood. Two more free parameters at the present time are f B , the fraction of gas binding energy from the black hole upon entry to the green valley, which we have taken to be 4, and η, the fraction of rest-mass energy from the black hole that is efficiently coupled to the halo, which we have set to 0.01. These also should be expressible someday in fundamental units.
For reference, we insert the k-values from the Appendix, use v = 1.76, and substitute M * for M vir to get the crossing mass in terms of M * , which should be equal to M * in the middle of the green valley. We obtain: 
where h(z) has been normalized by its value at z = 1.5, where the constant k Rvir is calculated. M * ,cross therefore equals 10 10.6 M at z = 1.5, which is a good match to the green valley. However, it will be noticed that M * ,cross is not exactly constant with time due to the presence of the term h(z) −0.86 . This term arises from the same zero-point mismatch between the blue lines and the red lines in Figure 1 , which was noted in Section 7.1. Relative to z = 1.5, the residuals in mass are −0.2 dex at z = 3 and +0.2 dex at z = 0.5, which are not large.
The Role of Compaction in the Binding-Energy Model
Implicit in the binding-energy picture is that galaxies, halos, and black holes evolve smoothly and steadily together during the star-forming phase and that crossing over the quenching boundary is a quiet event with no notable fireworks. That seems a good model for quenching today, particularly for S0 galaxies, which cannot have experienced recent major mergers because their stellar disks are intact. However, it will be noticed that star-forming galaxies in Figure 1 are distributed differently relative to the quenching boundary at different redshifts. Specifically, many dense star-forming galaxies are visible on the wrong side of the boundary at high redshift but then disappear at low redshift. The topic of this section is whether/how these discrepant galaxies can be accommodated in the binding-energy model.
These dense, compact star-forming galaxies are the socalled z = 2 "blue nuggets" (Barro et al. 2013 (Barro et al. , 2014 Nelson et al. 2014; Williams et al. 2014; van Dokkum et al. 2015; B17) . They are believed to be the star-forming precursors of the similarly dense, quenched "red nugget" galaxies (Daddi et al. 2005; Trujillo et al. 2006; van Dokkum et al. 2008; Damjanov et al. 2011) , which are also visible in Figure 1 at high redshifts. VELA simulations (Ceverino et al. 2014) suggest that both populations originated from a "compaction" event in which gas was driven strongly to the center, forming a burst of stars that simultaneously consumed the central gas and drove gas from the rest of the galaxy and thus quenching it from the inside out (Dekel & Mandelker 2014; Zolotov et al. 2015; Tacchella et al. 2016b ). This picture says that starforming galaxies compactified to form blue nuggets, which then faded to become red nuggets. Simulations by Choi et al. (2018) and by the IllustrisTNG team (Habouzit et al. 2019 ) also produce compact blue galaxies, which then fade to become red nuggets .
It should be noted that the VELA galaxies never fully quench, owing to a gaseous star-forming disk that typically re-forms around the central compact galaxy (Zolotov et al. 2015; Tacchella et al. 2016b; Huertas-Company et al. 2018 ).
However, a critical ingredient is missing from VELA, namely, central black holes. Observations show a large population of X-ray sources near the quenching boundary at z ∼ 2 (Kocevski et al. 2017 ), right where maximum compaction occurs in VELA ). If these accreting black holes were added, their feedback might disrupt the ring formation, facilitate full quenching, and help to keep the galaxy devoid of gas over the long term. In contrast to VELA, BHs are present in IllustrisTNG and the Choi et al. (2018) models, and in both of these simulations, compact blue nuggets do fully quench (Choi et al. 2018; Habouzit et al. 2019) .
Theoretical studies indicate that a variety of factors can trigger compaction events in central galaxies, including mergers (Barnes & Hernquist 1991; Hernquist 1991; Hopkins et al. 2006) , violent-disk-instability-driven inflows (Dekel & Mandelker 2014) , counter-rotating streams (Danovich et al. 2015) , a tri-axial halo core (Tomassetti et al. 2016) , and the return of recycled low-angular-momentum gas (Elmegreen et al. 2014) . However, most of these events are stochastic in nature and are uncorrelated with the underlying galaxy structural parameters. Galaxies therefore tend to evolve along their native evolutionary trajectories, their parameters bobbing modestly up and down due to occasional compaction events, until a final, major drop in star-formation rate occurs. Such behavior is seen in VELA, where the final drop is driven by late infall dry-up (Tacchella et al. 2016a ).
We take this as the basic picture for compaction in the binding-energy model, to which we add black holes. As blue nuggets compactify, their central densities rise rapidly and their BHs grow according to the green valley vectors in Figure 4 . Compaction thus sweeps galaxies rapidly over the quenching boundary at high redshift, at which point their growing BHs begin to impede star formation according to Eq. 20. This picture solves four problems. First, the inclusion of black holes makes galaxies quench. Second, quenching by the binding-energy model would explain the tilted quenching boundaries that are seen at high redshift as well as at los redshift (Figure 1) . Third, the model sharpens the rather fuzzy boundary that might result from compaction alone due to its stochastic nature. Finally, the disappearance of blue nuggets at low redshift is natural since compaction is strong in gas-rich galaxies but tends to taper off as galaxies become gas-poor.
The one remaining issue is a question of timing: why does star-formation continue well after the BH mass has crossed the quenching boundary? Perhaps this occurs because compaction delivers an unusually large amount of fresh gas to the center of a galaxy in a short space of time. In order for the galaxy to quench, this gas has to be consumed in new stars or ejected, which would impose a delay. During that delay, the galaxy sits on the wrong side of the boundary, being compact yet star-forming. After the central gas has cleared, the BH can transmit energy and/or momentum all the way to the halo, as required by the binding-energy picture.
These remarks echo the "fast track-slow track" dichotomy for galaxy quenching that has been advanced by several authors (e.g., Yesuf et al. 2014; Barro et al. 2017; Wu et al. 2018; Woo et al. 2019 ). Fast-track galaxies, sometimes called "post-starburst galaxies" (Dressler & Gunn 1983; Balogh et al. 1999; Dressler et al. 1999) , exhibit strong Balmer absorption lines that are indicative of rapid quenching together with small radii that are indicative of gaseous dissipation (Whitaker et al. 2012; Yesuf et al. 2014; Yano et al. 2016; Almaini et al. 2017; Wu et al. 2018) . The binding-energy model would attribute these characteristics to the rapid arrival of gas at the center, whether by compaction, mergers, or other rapid processes. A starburst ensues while radii are small, which places them temporarily on the wrong side of the quenching boundary until black holes can grow and quench. Slow-track galaxies in contrast slide over the boundary gradually, and their star-formation rates never get strongly out of step with their structural properties and BH masses. Since fast-track quenching requires more gas, the fraction of fast-track to slow-track galaxies should decrease with time, as observed (Whitaker et al. 2012; Yano et al. 2016; B17) , but a small fraction of quenching galaxies are on the fast track today, possibly triggered by mergers (e.g., Goto 2005) . Thus, although fast-track quenching is not explicitly included in the binding-energy model, modest extensions to it might accommodate these galaxies.
Evolution Through the Green Valley
The BH growth law in the binding-energy model (M BH ∼ Σ v 1 ; blue track in Figure 4 ) applies to star-forming galaxies before they encounter the quenching boundary. Nevertheless, we are compelled to say something about post-boundary evolution because the slope of quenched galaxies was used for fixing the model exponents t, u, v in Section 3.
The assumption used to bridge the gap between quenched and star-forming galaxies is the broken power-law model for BH growth through the green valley (green vectors in Figure 4 ). The key feature used by the model is that all GV tracks are parallel and of the same length, independent of stellar mass and redshift. If this is true, then the ridgeline power-law slope for star-forming galaxies will equal the slope for quenched galaxies (i.e., the blue line and the red line in Figure 4 will be parallel), which justifies using quenched galaxies to calibrate star-forming galaxies.
Brief evidence to support this picture was presented in Section 3.1, which we expand on here. The first piece of evidence is the sharp "elbow" seen in ∆ log SSFR vs. ∆ log Σ 1 by F13 and B17, in which SSFR declines steeply through the GV while values of Σ 1 pile up at a fixed value. It is this pileup that creates the narrow ridgeline in Σ 1 -M * (Figure 2a ). It is highly significant that the morphology of the elbow is observed to be constant with time and stellar mass (F13; B17; Lee et al. 2018; Mosleh et al. 2018) , which suggests that the amount of growth in log Σ 1 through the GV is roughly the same at all masses and redshifts. Further evidence for this is that the GV entry locus lies a constant 0.2 dex below the quenched ridgeline in Σ 1 -M * for SDSS galaxies at all masses today (Luo et al. 2019) . In effect, there seems to be a universal Σ 1 "elbow diagram" at all masses and redshifts, and the growth in Σ 1 as galaxies pass through the GV en route to final quenching is small, only about ∼ 0.2 dex (F13; B17).
The evolution of M BH through the green valley is completely different, as shown in Figure 2c . Terrazas et al. (2017) have shown that BH mass continues to grow through the GV even as star formation declines. That is, ∆ log SSFR vs. ∆ log M BH does not show a sharp elbow but rather follows a monotonically declining log-linear trend, with total BH growth across the green valley being about 1.5 dex at all masses (today). This effect can be seen in Figure 2c , where M BH values for star-forming galaxies (blue points) always lie well below those of quenched galaxies (red points) at the same M * , in contrast to Σ 1 in panel b), where blue and red points overlap. The main evidence for similar behavior at high redshift comes from X-ray luminosities of galaxies evolving off the star-forming ridgeline and into the green valley. These show a remarkably similar pattern at all masses and redshifts (Aird et al. 2019 , Figure 10c ), suggesting a uniform pattern of BH growth in the green valley for all quenching galaxies from z = 0 to z = 4.
To summarize, Σ 1 virtually stops growing as galaxies enter the green valley, whereas M BH grows further. This is the behavior captured by the steep, green vectors in Figure 4 .
The different vectors from left to right reflect differences in R e during the star-forming phase: galaxies with smaller initial R e quench sooner at lower values of Σ 1 and M BH due to the tilted quenching boundary. As the quenching boundary moves with time, the range of green vectors that are populated by quenching galaxies also moves. This is illustrated by the green parallelogram, which shows where galaxies transited into the green valley at an earlier time, when larger values of M BH and Σ 1 were needed. The turnoff point for each individual galaxy is determined by its starting values of z s and ∆ log R e , and we can think of each green valley galaxy as carrying those two labels.
This model says that BHs grow modestly while galaxies are on the star-forming ridgeline but that growth accelerates relative to Σ 1 as galaxies move into the green valley. The same may be true vs. time as well. Evidence for this comes from Aird et al. (2019, Figure 10) , which shows L X as a function of distance below the star-forming ridgeline. L X is uniform while galaxies remain on the ridgeline but doubles or triples as galaxies enter the GV at ∆ log SSFR = −0.5 dex, indicating a similar increase in absolute mass accretion rate (but see Trump et al. (2015) for a somewhat different view). A similar picture in which black holes accrete most of their mass just before quenching has been modeled by Caplar et al. (2018) .
Hydro models of black hole growth may help to motivate the steep green-valley vectors in Figure 4 . The following hydro simulations show sharp transitions from slow BH growth to rapid growth similar to the green valley vectors in Figure 4 : RAMSES/Horizon-AGN (Dubois et al. 2015; Habouzit et al. 2017; Dekel et al. 2019) , EAGLE (Bower et al. 2017) , FIRE (Anglés-Alcázar et al. 2017), IllustrisTNG (Habouzit et al. 2019) , and MARVEL (Bellovary et al. 2019) . Reasons cited for low BH growth at early times include supernovae feedback, wandering motions of BHs in shallow central potential wells, and low central gas densities. Retardation ends in these models when supernovae are no longer able to evacuate the central regions (for various reasons) and when growing central stellar surface density captures the black hole and intensifies the gas density around it. Both circumstances would be present in the binding-energy model, as declining star formation at boundary crossing would mean less supernovae feedback, and higher Σ 1 means a deepening central potential well.
The large growth factor of 1.5 dex (×30) in black hole mass determines the BH energy budget through the green valley. Galaxies enter the green valley when their effective black hole energy equals f B × the halo-gas binding energy, where we have set f B = 4 to match the zero points of the blue lines to the red lines in Figure 1 . Let us assume for the sake of argument that M * grows by 0.3 dex through the GV and that M vir grows similarly, being near the knee of the SMHM relation; see Figure D1 . M vir then also increases by 0.3 dex, and E bind ∼ M 5/3 vir increases by 0.5 dex. The net result is that E BH grows by 10 1.5−0.5 = 10 times faster than E bind in the GV and is therefore 40 × E bind when galaxies emerge on the fully quenched side. This large factor has margin to accommodate as-yet-unknown radiative loses and other inefficiencies and is plausibly large enough to complete quenching.
The foregoing discussion shows that steep BH growth in the green valley would have important consequences. Before leaving this section, it is therefore appropriate to review the evidence for this proposition, especially because the Terrazas et al. (2017) sample of black holes on which it is based is rather small, highly biased to massive galaxies (cf. Figure 2) , and reflects only BHs today. We list here six additional independent and semi-independent pieces of evidence in favor of the steep black hole growth in the green valley: 1) Rodgríguez-Puebla et al. (in prep.) find that the Terrazas galaxies fit the laws well in Figure 4 if Σ 1 is deduced from R e and M * using the p,q mapping applied to local galaxies and ∆SSFR is used as a proxy to estimate a galaxy's vertical location within the green valley. The result is the long-sought, single scaling law that fits all galaxies, and to achieve it, star-formation rate needed to be included. Agreement was expected since all steps were established independently, but it is good to show it explicitly.
2) The vertical zero point of the blue track in Figure 4 has been computed by fitting to the average black hole masses of local star-forming galaxies versus stellar mass from KH13 and transferring the result to Σ 1 using the Σ 1 -M * relation from F13 (see Item 8, Appendix C). The green GV vectors were constructed using ∆ log Σ 1 = 0.2 dex (from Luo et al. 2019) and ∆ log M BH = 1.5 dex (from Terrazas et al. 2017) , and the tops of these vectors were connected to create the red dashed line. If the model is correct, this line should lie along the locus of quenched-ridgeline BH masses in KH13. In fact, agreement is excellent, as shown in Item 9, Appendix C. This verifies that the model correctly reproduces the large offset seen in M BH vs. M * between star-forming and quenched galaxies (KH13; Reines & Volonteri 2015; Savorgnan et al. 2016; Terrazas et al. 2016; Davis et al. 2018) , which in turn motivates a steeper slope and different black hole growth mode in the green valley. 35 3) A long-standing puzzle has been the very different black hole masses of the Milky Way (4 × 10 6 M ) and M31 (1.5 × 10 8 M ) (KH13) despite the small difference in their stellar masses of only 0.2-0.3 dex (Sick et al. 2014; Licquia & Newman 2015) . It is hard to find a traditional scaling law that would fit both of them. The two galaxies are plotted in Figure 4 , where the value of Σ 1 for M31 is based on the enclosed mass at 1 kpc in the M31 mass model by Blaña Díaz et al. (2018) and the value of Σ 1 for the Milky Way is based on a rotation speed of 175 km sec −1 at 1 kpc Bland-Hawthorn & Gerhard 2016) . It is seen that M31 lies close to the quenched locus while the Milky Way lies slightly below the star-forming locus, and the slope of the line connecting them is parallel to our adopted growth vector in the green valley. Hence, most of the discrepancy between the two galaxies is resolved if we assume that the Milky Way is just entering the green valley now and M31 is just exiting it. This is also consistent with the fact that KH13 classify the Milky Way as a pseudobulge (i.e., gas-rich and star-forming) but classify M31 as a classical bulge, which justifies the latter's proximity to fully quenched ridgeline in Figure 4 . 4) RP17 developed machinery using abundance matching to measure evolutionary tracks for many different galaxy parameters back in time, including Σ 1 and M BH . Rodríguez et al. (in prep.) show that black holes in quenched galaxies follow evolutionary tracks that look much like the broken 35 An earlier footnote mentioned that 1.5 dex for black hole growth in the green valley would be an overestimate if the quenching boundary in M BH -M * is moving down with time but that the correction should be at most a few tenths of a dex. This new argument confirms this, as substantially shortening the green vectors would lower the red dashed line in Figure 4 and give unacceptably small BH masses for quenched galaxies. Figure 4 . This is valuable evidence since it samples epochs back in time. 5) In Section 7.7, we show that steep BH growth through the green valley explains the steep slope of the BH fundamental plane found by van den Bosch (2016) and also helps to explain the different BH scaling-law slopes measured by different authors for different galaxy samples. 6) Finally, the theoretical hydro simulations cited above predict that rapid black hole growth is unleashed as galaxies enter the green valley, resulting in steep growth trajectories similar to the green vectors in Figure 4 .
power-laws in
However, not all evidence supports the steep green valley vectors in Figure 4 . Most troubling is the analysis of distant X-ray AGNs by Aird et al. (2019) , which shows only a modest increase in X-ray flux as galaxies enter the GV. If black holes grow by a factor of 30 in the GV, they accrete 3% of their mass on the main sequence and 97% of their mass in the GV (assuming no further growth after quenching). If main sequence and GV lifetimes are similar, the ratio of average X-ray fluxes should be a factor of 30, not the factor 2-3 seen by Aird et al. (2019) . In other words, GV galaxies should be extremely luminous AGNs, which in general is not seen. This argument assumes that all X-ray flux is due to BH accretion, that it accurately represents the amount, and that it all escapes from galaxies. Perhaps these assumptions are not all true. Perhaps there exists a large population of obscured AGNs that are undetected in X-rays (see review of obscuration by Habouzit et al. 2019) , or perhaps most BH growth takes place in a radiatively inefficient mode, as in IllustrisTNG (Weinberger et al. 2018) . Either way, rapid BH growth in the green valley poses serious questions needing further exploration.
Finally, it should be noted that the tight relationship between black hole mass and halo mass that exists at the beginning of quenching, where E BH = f B E bind , breaks down at later times as halos continue to grow but central galaxies and their BHs stagnate. This effect is discussed in the next section.
The Black-Hole/Dark Halo Connection
The existence of a link between black hole growth and dark matter halos is controversial. Tight correlations between M BH and M vir were claimed by Ferrarese (2002) ; Baes et al. (2003) ; Bandara et al. (2009) but were disputed by KH13 because, among other things, black holes in pseudobulge galaxies are too small compared to the above halo-mass predictions. This is true whether actual M BH measurements or surrogate measures like central velocity dispersion are used. The binding-energy model, and in particular the cartoon in Figure 4 , sheds new light on this and other aspects of the M BH -M vir relation.
The first point is that different correlations between M BH and M vir are predicted for star-forming and quenched galaxies. Consider star-forming galaxies. Plots of M BH vs. M vir today are snapshots at a fixed epoch, and therefore should be compared to model star-forming ridgelines at a fixed epoch. The equation Σ 1 ∼ M 0.88 * is the observed ridgeline slope of star-forming galaxies at fixed epoch in Σ 1 -M * (B17). Converting this to BH mass using M BH ∼ Σ 1.76 1 yields M BH ∼ M 1.55 * . This is steeper than the ridgeline for quenched galaxies (M BH ∼ M 1.16 * ), lies below the quenched ridgeline, and ought to show considerable scatter because these are starforming galaxies with varying R e / R e , and therefore varying BH masses at fixed M * . These predictions agree tolerably well with observations (KH13; Reines & Volonteri 2015; Savorgnan et al. 2016; Terrazas et al. 2016; Davis et al. 2018 ). Finally, using M * ∼ M 1.75 vir for star-forming galaxies predicts M BH ∼ M 2.71 vir , but with large scatter. For quenched galaxies, the derived slope depends on whether the quenched galaxies are in halos above or below the knee of the SMHM relation, which is at M * = 10 10.7 M ( Figure D1 in Appendix D). Since most quenched ridgeline galaxies are more massive than this (KH13), we start with the quenched ridgeline slope M BH ∼ M 1.16 * and use the SMHM relation M vir ∼ M 0.35 * above the knee (see Figure D1 ) to obtain the prediction M BH ∼ M 0.40 vir for quenched galaxies, i.e., dramatically shallower than the star-forming slope. The main reason for the difference is the extreme flattening of the SMHM relation above the knee at M vir ∼ 10 12.5 M .
The net result is that BH mass is predicted to rise strongly in star-forming galaxies with halo mass below M vir = 10 12.5 M but much more slowly above that, as BHs stagnate but halos continue to grow. Hence, no single power-law relation is expected between BHs and their halos, and the scatter among star-forming galaxies (and in the green valley) should be particularly large. In contrast, Ferrarese (2002) found a single tight relation with slope of 1.65-1.82 by estimating M vir from the outer rotation curves of spirals in the range log M vir = 11.5-12.5 and the outer kinematic profiles of ellipticals (Kronawitter et al. 2000) in the range log M vir = 12.5-13.5. Baes et al. (2003) also found a uniform slope, of 1.27, from a larger sample of spirals but the same ellipticals from Kronawitter et al. (2000) . Finally, Bandara et al. (2009) found a slope of 1.55 using strong lensing to estimate halo masses of mainly ellipticals in the range log M vir = 13.0-13.8. None of these results agrees with the predictions, the slopes being too uniform and equal to some compromise value between the two predicted extremes of 2.71 to 0.40.
The steep slopes found for the massive end in these papers clearly disagree with the well established predictions of the SMHM relation from abundance matching ( Figure D1 ) and also with elementary estimates. For example, large spirals like M31 have M BH s a few times 10 8 M and dark halos a few times 10 12 M , while large clusters like Coma have central M BH s a few times 10 9 M but dark halos a few times 10 15 M . The differential log slope is about 1/3, in rough agreement with the binding-energy model slope of 0.40. The same point was also made by KH13. It is hard to say what is wrong with the slope estimates in the literature, but the problem may be trying to estimate the total mass of dark halos from data that do not extend far enough from the center. This is particularly a problem with massive quenched galaxies in super-massive dark halos. The resulting values of M vir are too small, and the calculated slopes of M BH vs. M vir are too steep.
To summarize, it is not true that there is no relation between the mass of a halo and its central BH. Indeed, it is the core tenet of the binding-energy model that halos build galaxies, which in turn build BHs in a deterministic fashion. However, the resulting slopes and scatter are vastly different for quenched and star-forming galaxies. This chain of reasoning answers the question posed by F13, who guessed that a close coordination between halo and BH is needed in order to produce a narrow quenched Σ 1 -M * ridgeline but wondered how the halo "knows" what the BH is doing. The answer is that the halo makes the black hole during the star-forming phase, so coordination is assured. Differences in ∆ log R e create scatter about the mean M BH -M vir relation but do not fundamentally change the picture.
Black Hole Scaling Laws
This section returns to the problem mentioned in Section 3.2 that the value of v in the model is too small. Specifically, v = 1.76 implies that M BH ∼ σ 3.52±0.26 e (if σ 1 ∼ σ e ) whereas the observed relation (for classical bulges and ellipticals in KH13) is M BH ∼ σ 4.4±0.3 e . This suggests that v is too small by the factor 4.4/3.52 1.25. Van den Bosch (2016) fitted all galaxies together and found an even steeper law M BH ∼ σ 5.35±0.23 e , for a difference with us of 5.35/3.52 = 1.5. We don't have measurements of σ e in the CANDELS database, but we do have measurements of M * and R e , which were also fitted by van den Bosch (2016). He found M BH ∼ M 2.91 * R −2.77 e for all galaxies, which is very close to M BH ∼ Σ 2.7 1 using the p,q mapping. This implies that v is too small by the factor 2.7/1.76 1.5, again similar to σ e . (This also implies that M * /R e ∼ σ 2 e in van den Bosch (2016) .) The goal of this section is to understand these differences.
We have taken advantage of these rough correspondences between Σ 1 , σ 1 , σ e , and M * /R e to label the X-axis in Figure 4 with all four quantities, which allows us to compare slope results from different data sets, at least crudely. We stress that v is our slope for star-forming galaxies only (blue line in Figure 4 ), whereas van den Bosch (2016) lumps all galaxies together and fits them with a single power law. Being an average over both the shallow and steep portions of the tracks, his slope should be steeper than the blue track in Figure 4 . A rough estimate of this effect is shown by the black dashed line in Figure 4 , which schematically fits all the galaxies with a single slope. The slope of the black line is 2.6, very close to the van den Bosch (2016) value of 2.7 (see above). The point is that a mass growth of 1.5 dex through the GV, accompanied by little or no growth in Σ 1 (or by implication in M * /R e ), can produce a big increase in the average slope of M BH vs. Σ 1 (or σ, or M * /R e ) if galaxies in all evolutionary phases are lumped together.
The difference between our slope and that of KH13 for E's and classical bulges is only 1.25, which is of the same sign but considerably smaller. A possible explanation notes that some of the classical bulges in the KH13 sample have low values of M * and M BH /M * and thus are plausibly actually in the green valley. Contamination of a mostly pure quenched sample by a small number of green-valley objects would steepen the fitted slope in the direction seen.
In summary, fitting BH scaling relations to different samples has historically yielded slopes that differ by more than their formal errors. The broken power-law model in Figure 4 explains this by positing that there are different slopes and different amounts of scatter in different evolutionary phases. For example, we predict that M BH vs. M * scatters widely in both star-forming and green-valley galaxies and also that black holes grow more quickly in the green valley. Both of these effects confuse the fits. The classic, tight scaling relations only emerge once galaxies fully quench and pile up along the well-defined quenched ridgelines.
Halo Concentration as the Second Parameter for
Galaxy Radii Section 7.2 cites the finding by Jiang et al. (2019) that galaxy radii in the VELA and NIHAO simulations vary as R e ∼ R vir (c/10) −0.7 , so that variations in halo concentration, c, might explain the second parameter, ∆ log R e , for star-forming galaxies. If true, this says that c and M vir together can explain all the leading parameters of star-forming galaxies including M BH , which would be a very powerful conclusion.
Recent analyses of EAGLE and IllustrisTNG see the predicted effect between BH mass and halo concentration (Davies et al. 2019b) in which more concentrated halos at fixed mass have larger black holes and are more quenched. Oppenheimer et al. (2019) identify two samples of EAGLE galaxies near M * ∼ 10 10.5 M and M vir ∼ 10 12 M with different ratios of E BH /E bind . This is the transition range in halo mass where BH feedback differences should have the largest effect. The top quartile in E BH /E bind made half its stars by z = 1.8, while the bottom quartile reached that point only at z = 1.0. The high-E BH /E bind , early-forming galaxies have black holes of median mass 10 7.6 M today while the low-E BH /E bind , late-forming galaxies have black holes of median mass 10 6.4 M , a factor of 16 smaller.
This difference in BH mass has a profound impact on the halo gas content and star-formation rates. The high-E BH /E bind halos became denuded of gas and were effectively quenched several billion years ago, whereas the low-E BH /E bind halos are full of gas and are still making stars today. Moreover, Davies et al. (2019a) showed that it is the integral of BH feedback, not the instantaneous BH feedback rate, that ultimately ejects baryons in the EAGLE simulations (cf. also Schaye 2010 and Terrazas et al. 2019) . They further identified these differences with different initial halo concentrations, with high-concentration halos making BHs fast and quenching early, and low-concentration halos forming holes more slowly and hosting active star formation longer. Further key conclusions are that the best barometer for the degree of quenching of a galaxy is the ratio E BH /E bind and that the relationship of quenching state to black hole accretion rate, M BH , is nonexistent.
These properties are in excellent agreement with the assumption of the binding-energy model that the first sign of quenching is determined by the ratio E BH /E bind , not by instantaneous heating or cooling rates. The total evolution in this ratio across the green valley in EAGLE is about 1.0 dex (Oppenheimer et al. 2019) , the same as our estimate in Section 7.5 for the binding-energy model. More specifically, EAGLE quenching is complete when E BH /E bind = 20 whereas we predict 40 for the same point, a promising level of agreement given the simplicity of our treatment. Our model also predicts systematic variations in star-forming galaxies with radius at fixed mass and a tilted quenching boundary as in Figure 1 . It would be good to look for these effects in EAGLE as well. 36 In light of this, it is tempting to create a revised bindingenergy model by adding concentration to M vir as a secondary parameter, but several complications would need to be dealt with first before success could be declared. First, it is observed that the star-formation rates for ridgeline galaxies 36 It is important to note that the evacuation of gas from halos during quenching that is predicted by the binding-energy model cannot persist when halos later grow to cluster size. Large clusters are seen to be full of gas at approximately the cosmic baryon-to-dark-matter ratio (Tumlinson et al. 2017, e.g.,) , and so they must refill. EAGLE and IllustrisTNG clusters in fact do this (Oppenheimer et al. 2019; Davies et al. 2019b) . A different form of BH feedback must take over to to maintain quenching at the centers of groups and clusters, which are full of hot gas. This later phase of galaxy evolution is not covered by the energy-binding model. in a given slice of M * do not vary with R e (Omand et al. 2014; Whitaker et al. 2017; F18; Lin et al. 2019) . It was this constancy that allowed us to assume that each stellarmass cohort stays together until quenching begins, which is an enormous simplification. But tying R e / R e to concentration now raises two problems. First, specific mass accretion, M vir /M vir , is seen to fall by a factor of two from low-c to high-c halos at fixed epoch (Lin et al. 2019) , which suggests that SSFR should fall by the same factor in going from large R e to small R e , all other factors being equal. (Indeed, such a fall is seen in EAGLE (Oppenheimer et al. 2019) .) A dodge around this could posit lower mass-loading factors for galactic winds in small galaxies due to their higher escape velocities. This was modeled by Dutton et al. (2010) using semi-analytic models, and the dampening effect on the wind is about the right magnitude to equalize the star formation rate in small galaxies despite their lower gas infall (Dutton, private communication) . But even if current star-formation can be evened out using winds, high-concentration halos still need to form stars earlier in order to give their galaxies smaller radii. This means that their star-formation rates had to be different in the past, i.e., that mass cohorts do not stay together over long times. And what would the resulting effect be on the SMHM relation at earlier times -would the SMHM relation have residuals related to concentration, contradicting our assumption of a perfectly tight relation?
A related point is that the relative sizes of galaxy radii at a given mass and epoch are determined in this model by their relative values of c at each epoch, and it is a requirement of the model that there be little "track crossing" in the R e -M * plane. Would halos in a given mass cohort at one epoch maintain their relative concentrations at different epochs so as to keep their evolutionary tracks parallel over all times?
In summary, adding halo concentrations and/or starformation histories to the binding-energy model might supply a vital missing ingredient, but important loose ends need tying up. Re-analyzing EAGLE and other hydro simulations as a function of both R e and c at different epochs could be illuminating. 7.9. Black Hole-Galaxy "Co-Evolution" and the Meaning of Scaling Laws A byproduct of the binding-energy model is the insight it provides into the nature of BH-galaxy "co-evolution". This insight comes from the precise information given about the processes that govern BH growth at every stage. It is instructive to take some other current models as illustrative and compare them to the growth regulation mechanisms that are explicit or implied in the binding-energy model. In doing so, it is helpful to divide BH growth into three different phases, as the mechanisms acting at each phase are different. We have selected the following hydro simulations for comparison because detailed discussions of their BH growth mechanisms exist in the literature: RAMSES/Horizon-AGN (Dubois et al. 2015; Habouzit et al. 2017; Dekel et al. 2019) , EAGLE (Bower et al. 2017; Davies et al. 2019a; Oppenheimer et al. 2019), and FIRE (Anglés-Alcázar et al. 2017 ). We do not include IllustrisTNG because of their use of two different BH feedback modes (high accretion rate (thermal/quasar mode) and low accretion rate (kinetic/radio mode) (Weinberger et al. 2018; Habouzit et al. 2019; Nelson et al. 2019) , which complicates the discussion. The first three sets of simulations are similar, and we treat them as a group where possible. 1) BH growth on the star-forming main sequence: In the binding-energy model, BH growth is assumed to follow M BH ∼ Σ 1.76 1 , where Σ 1 is determined by M vir and R e / R e . This law was derived empirically to match the quenching boundary slopes in Σ 1 -M * and M BH -M * . The implied behavior with mass along a track is M BH ∼ M 1.23 * ( Figure 6) , i.e., close to proportional. The growth is steady on average but may be episodic on short timescales. The rate of growth is much steeper than in hydro models during the same stage (see below). The actual mechanism controlling BH growth is not specified, but a plausible interpretation is that the rate of gas infall from the halo is balanced by stellar feedback and wind-loading factor to give the needed star-formation rate and that some relatively fixed fraction of this gas feeds the black hole. Since M * and R e are also controlled by the halo during this phase, BHs are tightly linked to their host galaxies because both are governed by the same two factors, namely, their parent halo properties plus the star-formation laws. We take this to mean they "co-evolve".
In the above-cited hydro models, BH growth during the starforming phase is severely limited by bursty stellar feedback, which periodically ejects gas from the center. Growth overall is episodic and inefficient. Instantaneous BH growth takes place by Bondi accretion (RAMSES, Horizon-AGN, EAGLE) or is torque-limited (FIRE), but the time-averaged rate is more likely to be limited by the rate of gas refill in the central regions, which is positive because halo mass is below M crit and halo cooling and cold streams are still feeding new gas into the galaxy. The central stellar density is low, the central potential is not very deep or well-focused, and BH wandering is strong Bellovary et al. 2019) , which may further reduce BH gas accretion. BHs are typically started with seed masses of around 10 5 M in these models, and growth beyond that in this phase is typically only ×3 even though galaxy masses increase by up to ×100. Owing to the different physical processes governing central BHs and host galaxies, their properties during the star-forming phase are not closely linked, and we conclude they do not co-evolve.
2) Transition to rapid BH growth: In the binding-energy model, this transition occurs upon entry into the green valley, when the BH energy output passes 4 × E bind . The BH has been growing steadily and is just beginning to measurably reduce the ability of gas in the halo to fall onto the galaxy. Keying the location of this transition to a fixed fraction of halo binding energy for all galaxies reproduces the observed tilted quenching boundary. Galaxy and black hole properties are perfectly correlated at the transition, and so the BH and galaxy are continuing to "co-evolve".
In the cited hydro models, the transition to rapid BH growth is triggered by the failure of the stellar-feedback-driven wind. The stated reason is different in the different models (failure to reach escape velocity , winds no longer buoyant (Bower et al. 2017; McAlpine et al. 2018 ), major mergers (McAlpine et al. 2018 , deepening central potential well (Anglés-Alcázar et al. 2017; Dekel et al. 2017) ), but the net result is that gas starts to collect in the center of the galaxy, permitting the BH to grow rapidly. Transition to a high growth rate tends to occur in a small range of bulge mass near 10 9-10 M , a halo mass near 10 12 M , or a fixed halo virial temperature T vir near 10 6-7 K, all of which are plausibly related to the energy content of supernovae winds. Since this is a fixed number (Dekel & Silk 1986) , it tends to set a single stellar or halo mass where BH growth is launched, thus creating momentary co-evolution between the black hole, galaxy, and halo.
3) BH growth in the green valley; final transition to quenched: In the binding-energy model, the BH growth trajectory vs. Σ 1 in the green valley steepens considerably. The log slope of the blue track in Figure 4 is 1.76, whereas the log slope of the green GV vectors is ∆ log M BH /∆ log Σ 1 = 1.5 dex/0.2 dex = 7.5 (see Sections 3.1 and 7.5 for the origin of these numbers). No physics is offered for this steep growth, but the rapid BH growth seen in the hydro models may provide a clue. A crucial point is that galaxies enter the green valley with E BH /E bind = 4 and land on the quenched ridgeline when E BH /E bind = 40. Fixing E BH /E bind to be constant at that point again enforces co-evolution between halos and black holes. Meanwhile, M * in the green valley has been evolving by about 0.3 dex and therefore also stays roughly in step with M BH , although the exact rule that governs it is obscure. After quenching, halos continue to gain mass and drift away from both black holes and galaxies, and co-evolution between them and halos is lost.
In hydro models, it is less certain what sets the rate of BH growth in the green valley and what stops it. The clearest picture is for EAGLE (Davies et al. 2019a; Oppenheimer et al. 2019) , in which fractional halo gas mass, f CGM , is a barometer of the degree of quenching. As noted, from the first signs of quenching to complete loss of halo gas, E BH /E bind rises by about 1.0 dex. Tying quenching to E BH /E bind imposes co-evolution between M BH and M vir at that point, as in the binding-energy model.
We conclude this section with a few observations: First, the meaning of scaling laws is clearly subtle. A common interpretation is that scaling laws exist because a variable, e.g., σ e , determines M BH singlehandedly, i.e., that M BH is a function of σ e exclusively. In the binding-energy model during star-formation, Σ 1 aspires to play that role via its role in the growth law M BH ∼ Σ 1.76 1 . And since the black hole, Σ 1 , and the host galaxy are all controlled by the halo and the same star-formation physics, it may be said that they all co-evolve together, and the scaling law is an evolutionary track that describes that co-evolution.
Eventually, galaxies arrive on the quenched ridgeline, and a new scaling law for Σ 1 vs. M BH emerges. However, it is not causal in the sense that Σ 1 determined M BH growth through the green valley. Rather, it appears likely that Σ 1 became physically decoupled from M BH in the GV, and it is now simply a label for the path that the galaxy took through it. The ridgeline in Σ 1 -M * shows where galaxies come to a halt when E BH = 40 × E bind , and Σ 1 along that ridgeline labels the path they took to get there. An analogy with the stellar HR diagram may help. It is traditionally plotted as a function of luminosity vs. a measure of surface temperature. Protostars of various masses evolve downwards in the diagram and come to rest on the main sequence, just as galaxies come to rest on the quenched ridgeline. Stellar mass along the main sequence is then a label for the track they took as protostars.
The essence of this insight is that scaling laws may not represent evolutionary paths but may instead simply link together points when some other quantity takes on a common value. The scaling law for quenched galaxies in Figure 4 is like that. It is not a track like the blue line, and galaxies do not evolve along it (except insofar as they may later experience dry merging); rather, it connects galaxies at a common evolutionary stage, namely, where E BH /E bind = 40.
It is now interesting explore the same logic for the scaling law for the black-hole growth law for star-forming galaxies (Figure 4 , blue line). Up to now, we have regarded this line as an evolutionary track that all star-forming galaxies must follow while they build their black holes. Suppose instead that we regard it simply as the locus of points where galaxies enter the green valley and where E BH /E bind = 4. This interpretation is just as acceptable mathematically and has the advantage that black hole evolution vs. Σ 1 before that point is now free to vary. This allows us to address a discrepancy that we have thus far ignored, which is that BH masses at modest values of Σ 1 are already quite high according to the blue scaling law whereas in the hydro models they have not yet started to grow. In the new, revised picture, BHs could lie dormant but then evolve more rapidly later as in the hydro models, in which case they would approach the blue line from below. Such trajectories are illustrated schematically by the dashed green lines below the blue line in Figure 4 . No change of physics occurs in this new picture when the green lines cross the blue line; the crossings are simply where the dampening effect of the BH on the star formation rate becomes apparent. Galaxies no longer evolve along the the blue line; it simply links different entry points to the green valley on different BH evolutionary tracks.
This new interpretation of the blue line has three important implications. First, it changes the rates of BH growth, predicted X-ray fluxes, and other AGN indicators in low-Σ 1 star-forming galaxies, making them generally harder to detect. The zero point of the blue line was also chosen to fit nearby star-forming galaxies with detected black holes. The new interpretation says that galaxies of similar M * and Σ 1 probably exist with even smaller black holes. This might help to explain anomalously small BHs such as the one in M33 (Gebhardt et al. 2000; KH13) and would be a test of the picture.
Finally, this new interpretation creates a major challenge for the hydro models, whose black holes now need to obey the green tracks. This is tricky because each point where a green track crosses the blue line is labeled not only by M BH and Σ 1 , as in Figure 4 , but also by a specific stellar mass and redshift. In other words, four separate numbers need to converge correctly. This requirement is not new; it was implicit in the original blue line, which was designed to satisfy it, and is inescapable if the binding-energy picture is to match the tilted and moving quenching boundaries in Figure 1 . Whether the hydro models can turn their black holes on in such a synchronized way remains to be seen.
For the remainder of this paper, we return to the original interpretation that the blue line in Figure 4 is an evolutionary track and that galaxies build their black holes as a power of Σ 1 as they evolve along it.
A Reinterpretation of the Black-Hole Fundamental
Plane Yet another byproduct of the binding-energy model is the insight that it provides on the origin of the BH fundamental plane. Predictions of M BH using two variables from among M * , R e , and σ e in combination may be slightly tighter than predictions using any one variable alone (e.g., Aller & Richstone 2007; Hopkins et al. 2007a ). These correlations are commonly referred to as the BH fundamental plane (BHFP). The cartoon model in Figure 4 implies that there are multiple BH scaling laws whose slopes vary depending on whether we are talking about star-forming galaxies, green valley galaxies, or fully quenched galaxies, and therefore we may expect that the nature and slope of the BHFP will also vary according to the sample chosen. Since values of σ e are not generally available for our sample, we compare to published fits of M BH vs. M * and R e where available.
We have already encountered one version of the BHFP in Section 7.7, where van den Bosch (2016) fitted a single plane to all galaxies and found M BH ∼ M 2.91 * R −2.77 e , which is approximately M BH ∼ Σ 2.7 1 using the p,q mapping. This is nearly identical to the value predicted by the cartoon picture, namely, M BH ∼ Σ 2.6 1 for star-forming and GV galaxies together (black dashed line in Figure 4 ), and so a reasonable interpretation is that van den Bosch (2016) would have obtained M BH ∼ Σ 2.7 1 if values of Σ 1 had been available to him. But this conclusion drastically changes the interpretation of the plane. We now see that the BHFP of van den Bosch (2016) is not a true plane at all in the sense that two separate fundamental variables are required to capture all the relevant physics of BH formation but is rather a work-around to be employed when M * and R e are used as surrogates for Σ 1 (or σ 1 ). And it is a noisy law at that, since no single scaling law can properly fit all galaxies, even using Σ 1 .
This section concentrates on the BHFP determinations of Hopkins et al. (2007a) and Aller & Richstone (2007) , whose samples differ from van den Bosch (2016), being composed mainly of quenched ridgeline galaxies. Hopkins et al. (2007a) find M BH ∼ M 1.78±0.40 * R −1.05±0.37 e . We find here (not shown) that the best p,q mapping for quenched ridgeline galaxies is Σ 1 ∼ M 1.0 * R −0.5 e and thus predict that
on the quenched ridgeline, as assumed in Figure 4 . These predicted exponents are well within the errors of measurement of Hopkins et al. (2007a) , and we therefore propose that the BHFP for quenched galaxies is likewise not a true plane but is again simply a surrogate for Σ 1 . Similar calculations (not shown) can also explain the slopes of BHFPs observed in σ e -R e and σ e -M * by Hopkins et al. (2007a) and Aller & Richstone (2007) .
Yet another expression for the quenched BHFP is that M BH ∼ (M * σ 2 e ) α , where Hopkins et al. (2007a,b) find α 0.7 and Aller & Richstone (2007) find α 0.6. Both works note that the quantity M * σ 2 e is proportional to galaxy binding energy per particle, which they propose as a candidate to regulate BH mass. This is plausible in the merger scenario of Hopkins et al. (2007b) , in which gas that is brought to the center of the galaxy builds the black hole until the BH energy unbinds the surrounding gas. This is similar to our unbinding criterion in Eq. 20, but we use gas-binding energy to the halo, M vir V 2 vir ∼ M 5/3 vir , whereas the Hopkins-Aller formulation uses gas-binding energy to the galaxy.
A problem noted in both Hopkins et al. (2007a,b) and in Aller & Richstone (2007) is that α ought to be 1.0 in a simple binding energy argument, not 0.6-0.7 as seen. Interestingly, the scaling laws developed during the course of this paper can explain this discrepancy. As previously noted in Section 5, halo gas-binding energy, E bind , scales as M vir V 2 vir ∼ M vir ∼ (M * σ 2 e ) 0.61 . In other words, the previously unexplained "tilt" in the model of Hopkins et al. (2007b) and Aller & Richstone (2007) is simply that needed to convert galaxy gas-binding energy into halo gas-binding energy! A further sticking point in the Hopkins-Aller picture is what binding energy to use -that of the whole galaxy or just the gas in the galaxy? The former is not appropriate since we are not unbinding the whole galaxy, and if the latter, what is the gas mass and why would it be so constant from merger to merger? Using the halo gas-binding energy circumvents these questions since the infall of halo gas is what we want to prevent and its fraction should be much more uniform from halo to halo. This is a good place to make a more general point about uniformity from galaxy to galaxy in the binding-energy model. If f B varies from halo to halo, say, with rms scatter δ fB dex at a given epoch, this will induce the same scatter in M BH and a scatter of δ fB /v in Σ 1 . The Σ 1 ridgeline has rms scatter equal to 0.16 dex today (F13), which implies that δ fB = 0.28. However, this is actually an upper limit since age stratification has been detected in the ridgeline due to the fact that previously quenched galaxies do not quite keep up with the moving boundary (Tacchella et al. 2017; Luo et al. 2019) , so the real scatter in δ fB at any given epoch must be less. The point is that the halo binding-energy criterion in Eq. 20, represented by f B , must be highly uniform from halo to halo in order to create the tight ridgeline in Σ 1 -M * that is seen. 7.11. Comparison to the Model of Lilly et al. (2016) We close this Discussion section by returning to the model of L16, which was mentioned in the Introduction. It is distinguished by the assumption that the quenching probability is a function of M * only, not of, say, M * and R e . Despite this, the model still manages to reproduce the sloping contours of equal quenched fraction in R e -M * by exploiting two factors: 1) galaxies that quench earlier have smaller R e and thus lower the quenched ridgeline zero point at fixed M * (progenitor bias), and 2) R e values are light-weighted and shrink upon fading owing to lower-M/L stars in their outskirts (also mentioned by F13). These two effects together increase the fraction of quenched galaxies at smaller R e at fixed M * .
Despite this success, the model fails to explain important data:
1) The difference in R e between quenched vs. star-forming galaxies in the model is smaller at high redshift than at low redshift (see L16, Figure 3 ), whereas the reverse is true in real data: quenched galaxies, particularly lower-mass ones, are much smaller than star-forming galaxies at z ∼ 2 than at later times (Figure 1 here) . This is naturally accommodated in the binding-energy model because R e is free to shrink more at early times due to compaction (Section 7.4), whereas the L16 model does not have this extra degree of freedom.
2) The L16 model predicts a ×10 radial increase in SSFR from 1 to 10 kpc within star-forming galaxies of mass 10 10.75 M at all redshifts, which is generated by the assumption of strong inside-out star formation. A gradient of this magnitude is needed in order to produce the required amount of R e shrinkage upon fading (see above). Current data on distant galaxies do not support gradients of this magnitude within 10 kpc; in fact, the SSFR profiles of most galaxies are flat out to this radius (Wang et al. 2017; Tacchella et al. 2018; Woo et al. 2019) .
3) The L16 model does not include BHs and therefore does not account for the observed M BH -M * scaling relation of quenched galaxies. Quenching is assumed to occur with uniform probability per unit stellar mass growth, but no mechanism is offered to achieve this and the role of BHs in quenching is unaddressed. 4) Finally, the L16 model has not yet attempted to match the Σ 1 -M * diagram. Σ 1 is likely to be rather constant during and after quenching in the L16 model. If quenching is equally probable for all galaxies at a given mass and is not modulated by any other variable other than random chance, the Σ 1 distributions of green valley and star-forming galaxies at fixed M * should closely match. Instead, real green-valley galaxies have higher average Σ 1 values than star-forming galaxies at all redshifts (F13; vD15; B17; Lee et al. 2018) . The key point is that GV galaxies are observed in the act of quenching, so that progenitor bias cannot be a major factor affecting their structure. As a mass density, Σ 1 is also unaffected by fading. Thus, Σ 1 sidesteps both effects that the L16 model uses in order to convert quenching contours that are intrinsically a function of M * only into sloping contours that follow both R e and M * . The spread in Σ 1 at fixed M * thus signals that a second physical variable is involved in quenching beyond M * . That variable, we have suggested, is R e / R e through its impact on M BH . Parenthetically, we note that all quenching models that rely solely or largely on just stellar mass or halo mass meet the same objection, of which the obvious examples are the pure "halo-quenching" models (e.g., Blumenthal et al. 1984; Cattaneo et al. 2006; Dekel & Birnboim 2006; Zu & Mandelbaum 2015 . Being one-dimensional theories in which the only variable is mass, they inherently fail to reproduce the observed diversity of properties of galaxies at a single stellar mass.
SUMMARY
A schematic model is presented for the growth of BHs in central star-forming galaxies and their role in causing central galaxies to quench. The simplicity of the model permits seeing how various factors in galaxy evolution -such as structural evolution, black-hole growth rules, and quenching criteria -interact together and how the results would change if these inputs were changed. The impetus for the new model is the belief that the many scaling laws of galaxies (and their evolution with time) contain important information about star formation and quenching that can be elucidated from a model if it has the proper degrees of freedom. The paper starts with a list of 18 separate observations for quenched and star-forming galaxies that a successful model should explain. The model presented here explains 11 of the items fairly well and sheds useful light on the remaining seven.
The feature that enables this success is a new degree of freedom in which larger star-forming galaxies at fixed mass have smaller BHs owing to their lower central densities, Σ 1 . A second key assumption is that galaxies begin to quench when the total effective energy emitted by their central black holes equals some fixed multiple, f B , of the binding energy of the gas in their halos. Together, these assumptions imply that large-R e star-forming galaxies evolve to higher stellar masses before AGN feedback terminates the gaseous infall from their halos, and accordingly have higher values of M BH , Σ 1 , and R e once quenched. In other words, the simple addition of an R e dependence to BH mass explains the otherwise mysterious tilts of the quenching boundaries in Σ 1 -M * , R e -M * , and M BH -M * whereby more massive quenched galaxies have larger central densities, larger effective radii, and larger BHs. For star-forming galaxies, these three spaces are different projections of the same 4-D parent space, and mappings are presented to transform among them: Σ 1 ∼ R −p e M q * is the transformation between Σ 1 and R e for star-forming galaxies, where p = 1 and q = 1.1, while M BH ∼ Σ v 1 is the transformation between Σ 1 and M BH , where v = 1.76. As long as galaxies are star-forming, they are assumed to evolve along log-linear parallel tracks in the 4-D space of M * -Σ 1 -R e -M BH . Each track is labeled with two numbers: the starting redshift, z s , when the galaxy passes M * = 10 9 M , and the factor by which the radius R e differs from the mean R e at that mass and time. These two numbers make central star-forming galaxies a two-parameter family that can also be labeled by M * (or equivalently, M vir ) and R e / R e today. The physical origin of the scatter in R e , which is central to the model, is not known for certain, but halo concentration and/or halo assembly time are discussed as possible candidates. If further tests support this, then M vir and c (or assembly time) would be the two principal parameters that predict the evolutionary trajectories of central galaxies.
All star-forming galaxies in a given slice of M * are assumed to have the same halo mass, M vir , at all times, and the mean effective R e in that slice is always the same fixed fraction of halo virial radius at that time. The star-forming end of the stellar-mass-halo-mass relation (SMHM) is represented by a power-law M * = const.×M s vir with zero scatter, where s = 1.75 and the zero point is constant with time. Both slope and zero point are taken from abundance matching (RP17). Another key assumption is that all galaxies in a single mass slice make stars at the same rate regardless of R e / R e , in agreement with observational data. These assumptions, together with the physics of evolving halos, yield mean evolutionary track slopes and zero points for star-forming galaxies in R e -M * and Σ 1 -M * that agree fairly well with observations. A further consequence is that BH masses in star-forming galaxies can be read off directly from the Σ 1 -M * diagram using M BH ∼ Σ 1.76 1 , or even more directly from the R e -M * diagram using M BH ∼ R −1.76 e M 1.94 * . Galaxies are assumed to start quenching when they pass over a boundary in Σ 1 -M * (or alternatively, in R e -M * , or in M BH -M * ). The adopted boundary, shown as the red lines in Figure 1 , is based on the well-measured quenched ridgeline in Σ 1 -M * , which we offset downwards by 0.2 dex in Σ 1 to represent entry into the green valley. In the "evolving empirical power-law model" in Section 4, the boundary is defined as the point where the total energy deposited in the halo by the black hole, ηM BH c 2 , equals some empirical energy quota needed to impact the halo and stop gas infall. To fit the observed quenching boundary slopes in Σ 1 -M * and M BH -M * forces the energy quota to have the form E quench = const. × h(z) 0.66v M t vir , where h(z) is the normalized Hubble constant H(z)/H(0) and t = 2.03. The log-linear slope of the boundary in Σ 1 -M * is then t/vs = 0.66, in R e − M * it is q − pt/vs = 0.44, and in M BH -M * it is t/s = 1.16.
The above empirical expression for E quench is then compared to 4× the total binding-energy content of the hot halo gas, and it is shown that their behaviors vs. mass and time are similar (blue lines vs. red lines in Figure 1 ). Hence, nearly the same quenching boundary would be predicted using this more physically-based expression for halo gasbinding energy. Four variations on this basic picture are considered in Section 6, including two that express the black hole-halo balance in terms of an energy-rate balance instead of total-energy equality. Such rate prescriptions have been employed in SAM models but fail badly (as implemented here) to match the observed width of the green valley and/or the power-law nature of the quenching boundaries. Detailed explanations are given.
The formula for BH mass growth, M BH ∼ Σ 1.76 1 with a given zeropoint, applies only to galaxies on the star-forming ridgeline (i.e., down to −0.45 dex below the ridgeline and above). Evidence is given that the relation steepens as galaxies enter into the green valley, reflecting an acceleration in BH growth relative to Σ 1 at that point. Such acceleration is also seen in X-ray data and in hydro models and helps to explain the different slopes that have been found for the M BH -σ relation using different methods and samples of galaxies. Total BH mass growth while galaxies are in the green valley is substantial, roughly 1.5 dex. The original slope, M BH ∼ Σ 1.76 1 , is reacquired when galaxies come to rest on the quenched ridgeline, but now with a different zero point that is 10 times larger than the star-forming zero point. This scenario for BH growth is summarized in Figure 4 , which captures major features of the model.
A surprise from the model is that the derived galaxy evolution tracks in Σ 1 -R e -M * -space appear to be nearly parallel to the slope of the quenching boundary, and most galaxies would not cross it if it were stationary. In practice, it is the evolving zero point in the halo heating quota that brings the quenching boundary down and across the tracks. This moving zero point opens up the "angle of attack" between E BH and E quench (Figure 8 ) to the point that quenching can occur. The angle remains acute, however, and its small value is responsible for the long extent of the quenched ridgeline in R e -M * , Σ 1 -M * , and M BH -M * and the 1 + -dex-wide green valley that feeds it.
Two numerical equalities are at the heart of the model. One is that the evolutionary tracks of galaxies are nearly parallel to the quenching boundary, which produces the acute "angle of attack" in Figure 8 . This turns out to be a natural outcome of setting E BH = f B E bind . The second equality is that the quenching boundary and the star-forming galaxy ridgeline (in Σ 1 -M * ) need to move down together in order to maintain a constant relationship between the quenching boundary and the star-forming cloud that feeds it. It is this constancy that is responsible for the unchanged appearance of the Σ 1 -M * diagram over time (except for the bulk vertical shift, B17) and is the reason why the green valley quenching channel maintains the same mass over time. Exact equality between these two quantities is imposed by fiat in the empirically derived expression for halo quenching energy, E quench , in Eq. 17. The more physically based quenching energy based on halo gas-binding energy, E bind in Eq. 20, moves down in the required direction but not quite fast enough, and a residual mismatch amounting to 0.1 dex in Σ 1 -M * from z = 0 to 3 remains.
Some takeaway messages from the model include: 1) Radius is an important second parameter in shaping the life histories of galaxies and their black hole masses. The cause of scatter in radius at fixed stellar mass may be halo concentration and/or mass assembly time.
2) Broadly speaking, halos build galaxies, which grow BHs, which then quench halos, but the story of BH growth is different in each stage of a galaxy's life. Consequently, blackhole scaling relations differ on the star-forming ridgeline, in the green valley, and on the quenched ridgeline, as illustrated in Figure 4 .
3) Quenching by the present epoch is a near thing. If it required 3× more energy, or if black hole feedback were 3× weaker, essentially all galaxies would still be making stars today (cf. Figure 8) .
4) The quenching process is highly uniform from halo to halo. The scatter in the energy factor f B can be no more than 0.28 dex, based on the observed scatter in the Σ 1 -M * quenched ridgeline and will likely prove to be considerably less once progenitor bias is accounted for. 5) BH growth in the green valley dominates final BH mass. Galaxies enter the GV when their cumulative effective BH energy output corresponds to 4× times halo-gas binding energy and are fully quenched when their cumulative effective BH energy corresponds to 40× halo-gas binding energy. This basic quenching mechanism has been in place since z = 3.
6) The classic BH scaling relations of quenched galaxies are a product of scaling relations that are set up during the star-forming phase, on which BH growth during the green valley phase is superimposed (cf. Figure 4) . The fundamental BH relations are primarily with Σ 1 . The observed relations vs. M * , σ e , and R e depend on how these parameters relate to Σ 1 , which differs in the different evolutionary phases. 7) Black hole-galaxy "co-evolution" is subtle in the model and can mean different things in different situations. Direct causality is clearest during the star-forming phase, where halos build galaxies, which in turn build black holes through Σ 1 . Galaxies, black holes, and halos are still tightly linked at the turn-off into the green valley, where cumulative BH energy equals 4× halo-gas binding energy. This ratio grows to 40 across the GV, at which point BHs and galaxies are fully quenched. The end of BH growth is therefore also set by the halo even though the holes have not evolved "with" the halo in the GV as they did on the star-forming ridgeline. Similarly, a tight relation exists between Σ 1 and M BH along the quenched ridgeline, but Σ 1 does not "govern" BH growth there. Rather, Σ 1 is a label showing what track a galaxy took through the GV to quenched status, as illustrated in Figure 4 . A similar, alternative interpretation is even discussed for the star-forming BH growth law, M BH ∼ Σ 1.76 1 , in which individual galaxies do not actually evolve along this law, as in the default picture, but the law rather expresses the value of M BH as a function of Σ 1 at entry to the green valley along different evolutionary tracks (see dashed green lines in Figure 4 ). In situations like these, a scaling law is not an evolutionary track per se but instead connects together points when some other quantity (such as E BH /E bind ) takes on a specified value.
8) The model is schematic, and important pieces are missing. These include: why BH mass grows as a power of Σ 1 in star-forming galaxies (if it does), why BHs grow by ∼1.5 dex in the GV, why SSFR is independent of R e at fixed M * on the star-forming main sequence, and whether halo concentration/formation-time together with R vir determine R e / R e for star-forming galaxies.
In conclusion, we point out important limitations to the use of Σ 1 to track black hole growth. For one thing, 1 kpc has no fundamental significance -it just happens to be the smallest radius that can be resolved by SDSS for nearby galaxies and by Hubble for distant galaxies. It also loses meaning beyond z ∼ 3, where many galaxies fit entirely within this radius. Extending the model to cover black hole growth at earlier times will require substantial revisions.
The models in this paper were inspired by data from the CANDELS program on the Hubble Space Telescope. and R e predicted by our adopted power-law p,q mapping Σ 1 ∼ R −p e M q * . Sample selection is described in F18; basic parameters are H ≤ 24.5 mag, M * ≥ 10 9.0 M , and axis ratio b/a ≥ 0.5. R e (SMA) comes from Galfit fits by . Galaxies with peculiar or poorly measured structure are omitted. Completeness as a function of mass is described in F18; serious incompleteness sets in at M * ∼ 10 9.0 M and z ∼ 2.
The points are clearly distributed in a plane, and fitted values are p = 1.00, q = 1.10, and k Σ1 = 1.38. The formal error in both p and q is 0.01. There is no systematic shift in the zero point with time, and the rms scatter about both relations is about 0.25 dex. However, some curvature of the plane is indicated by the curvature of the R e residuals at high redshift and by systematic errors as a function of Σ 1 at all redshifts. We rotated the space by hand to verify that the fitted values are optimum; further investigation is postponed to future work.
B. THE EVOLVING ZERO POINT OF THE Σ 1 -M * RIDGELINE
The ridgeline of quenched galaxies in Σ 1 -M * determines the location of the quenching boundary, which is offset downwards by 0.2 dex in Σ 1 from the ridgeline at all redshifts and masses. The zero point of the ridgeline was measured in redshift bins by B17. Figure B1 with p = 1.00 and q = 1.10. The sample consists of the same face-on star-forming galaxies shown in Figure 3 . All five CANDELS fields are used, and "starforming" is defined as main-sequence galaxies lying above the line that lies −0.45 dex below the main sequence ridgeline. There is no systematic shift in zero point with time, and the rms scatter in both relations is about 0.25 dex. Some systematic residuals are seen, as discussed in the text. and an evolving zero point in the BH-halo energy quota equation (Eq. 17).
1. The Σ 1 -R e -M * relation (p,q mapping): From Appendix A, the Σ 1 -R e -M * relation is:
where p = 1.00, q = 1.10, and k Σ1 = 1.38.
2. The SMHM relation: This is the power-law fit by eye to the average stellar-mass-to-halo-mass relation (SMHM) for starforming galaxies from RP17. It is assumed to hold with constant zero point at z = 0-4. It also forms the lower branch of the broken power-law model (Variant 1) and as such is plotted in Figure D1 . The adopted relation is:
where s = 1.75 and k m = 2.51.
3. R vir as a function of M vir : This is the relation between R vir and M vir based on the definition of halo overdensity ∆ vir from Bryan & Norman (1998) . We solved Eq. 14 for R vir and fitted ∆ 
where the constant k Rvir = 215 is evaluated at z = 1.5 and h(z)/2.3 = h(z)/h(1.5).
4. R e vs. R vir : This is the assumed relation between the effective radius of a typical star-forming galaxy, R e , and the radius of its halo:
where k Re = 0.02.
5.
The Σ 1 -σ 1 relation: Σ 1 is the projected stellar surface density within a radius of 1 kpc from the center of the galaxy, and σ 1 is the projected velocity dispersion along the line of sight within the same aperture. The relation we use is from F13:
where k Σ1 = 6.0. It is assumed to hold for all galaxies at all redshifts.
6. The M BH -Σ 1 relation for star-forming galaxies: In Section 3.1, we motivated the use of the power law M BH ∼ Σ v 1 to express black-hole mass in star-forming galaxies, and we found the value of the exponent v = 1.76 by taking the ratio of the quenched ridgeline slopes in Σ 1 -M * and M BH -M * . Here we set the zero point of this relation by equating our strongly star-forming ridgeline galaxies to the pseudo-bulge galaxies in Figure 26 of KH13 and noting that M BH /M * = 10 −3.7 for such objects on average (with scatter). Normalizing Σ 1 at 10 9.0 M kpc −2 corresponds to M * = 10 10.1 M for star-forming SDSS galaxies in F13. We therefore have:
where v = 1.76 and k BH = 0.025. This relation is assumed to be valid for all star-forming galaxies at all redshifts. It says that BH mass is purely a function of central stellar density within 1 kpc in star-forming galaxies. 
converted to Σ 1 using Σ 1 ∼ M 0.66 * for quenched ridgeline galaxies (Item 7 above). However, the zero point of the red dashed line comes from the zero point for star-forming galaxies in Eq. C6 incremented by the length and slope of the green valley vectors in Figure 4 . These in turn come from the growth of M BH in the green valley from Terrazas et al. (2017) and the growth of Σ 1 in the GV from F13; B17 and are (coincidently) such that the zero point of the red line is offset from the blue line by nearly precisely a factor of 10. Using this number and combining Eqs. C6 and C7 above, we can therefore perform a sanity check to see if the zero point for quenched galaxies in Figure 4 is consistent with the measured KH13 zero point for quenched galaxies in M BH -M * . The predicted zero point for Eq. C8 using this route is 0.37, which compares well with the observed zero point of 0.36. 9. The empirical power-law expression for E quench : E quench is the empirically derived value for the halo quenching-energy quota defined in Eq. 17. By fitting the blue lines to the red lines in Figure 1 , we find the evolving constant in the following equation:
where
the term h(z) 0.66v is based on the zero point fit in Figure B1 , and k e (0) = 10 17.66 .
10. The zero point k SMHM (0) of the SMHM relation in Eq. D1: This is k SMHM (0) in the Variant 2 model:
where k SMHM (0) = 2.51.
11. The M BH -R e -M * relation: For convenience, we include the power law that makes it possible to read off BH mass for star-forming galaxies from R e and M * . From Eq. C1 and Eq. C6, the relation is:
where qv = 1.94, pv = 1.76, and k BH1 = 0.044.
We conclude with some useful power laws that approximate the evolutionary tracks of three quantities vs. M * for galaxies with R e / R e = 1 during the star-forming phase for the empirical power-law model. These are evolutionary tracks, not quenched ridgelines. The slopes are taken from Figure 6 , and the zero points are set by eye to fit the middle curves in the redshift range z = 0.5-3. The actual model calculations use the real, curved tracks in Figure 6 , not these power laws.
12. The average radius-mass evolutionary track:
where R = 0.40 and κ R ∼ 3.
13. The average Σ 1 -mass evolutionary track:
where S = 0.70 and κ Σ1 ∼ 0.6.
14.
The average M BH -mass evolutionary track:
where B = 1.23 and κ MBH ∼ 0.008.
D. FOUR VARIANTS ON THE EMPIRICAL POWER-LAW MODEL
This section provides more details on the four variants on the empirical power-law model that are discussed in Section 6.
Variant 1: A Broken Power-Law Model This model was introduced in order to remove the long tongue of star-forming galaxies that extends to high masses at late times in Figure 9 , as described in Section 6.1. To attempt to cure this problem, we tried an alternate evolving model that uses the same power-law SMHM relation up to 10 10.7 M but switches to a flatter power-law SMHM relation above that. This simulates the fact that the growth of galaxy mass starts to lag behind the growth of halo mass above the knee. We also take into account the related fact that R e now also lags behind R vir above the knee and the ratio R e /R vir therefore declines. The latter effect has been estimated using the abundance-matching results of RP17, which give R e /R vir vs. R vir for massive halos. The adopted new broken power-law relations for M * and R e are compared to the RP17 SMHM relations in Figure D1 . Inserting these new relations produces a difference between high-mass and low-mass galaxies. The evolution is identical for galaxies whose stellar masses stay below the knee today, and so the R e -M * and Σ 1 -M * diagrams remain the same below 10 10.7 M . Above this mass, M * tends to saturate, and BH growth is retarded. This is evident in Figure D2 , which replots E BH and E quench as in Figure 8 but with the new broken power laws. High-mass galaxy masses level off at a reasonable value, but the resulting black holes are not large enough to quench. (In reality, the BH masses would not decline as the adopted scaling laws predict, but fixing this would make little difference.) We were not able to find a single broken power-law scaling relation that achieves both goals. Figure D1 . The evolution of galaxies below the break point at 10 10.7 M is unaffected. Above this, BHs fail to grow fast enough to keep up with the heat requirements of their halos, and the majority of the most massive galaxies never quench. This model shows that changing the SMHM relation by itself cannot cure the problem of too many massive star-forming galaxies. Fortunately, an alternative that seems to work is to use a slightly curved quenching boundary in Σ 1 -M * that turns down at high mass. This feature has been identified in local SDSS data (Luo et al. 2019) and is discussed in Section 6.1. 
where k SMHM (0) = 2.51. This equation was derived by substituting M * for M vir in Eq. 17 and demanding that galaxies quench with their previous values of M BH and M * at the same z. The exponent is fortuitously −1.00 owing to the zero point evolution of the Σ 1 -M * ridgeline as h(z) −0.66 in Figure B1 and the relationship among s, t, and v from Eq. 11.
The new law makes the zero point of M * larger at late times, by about 0.5 dex at z = 0 compared to z = 2. The growth of R e vs. M vir is unaffected, but M * grows more steeply vs. M vir than before. This change effectively grows BHs more strongly at late times, allowing them to overcome halos without having to reduce E quench . The evolutionary tracks for this model are shown as the dashed lines in Figure 6 . The main change is a reduction of the log-log slope in R e vs. M * from 0.40 to 0.33, which actually agrees better with the slope of 0.3 estimated by vD15. Figure D3 . The BH energy output and the halo quenching energy quota are plotted in the style of Figure 8 for the Variant 2 model, which puts the evolving zero point into the SMHM relation rather than E quench . The red dashed lines are the new halo quenching energy E quench , and the blue solid curves repeat the energy content of the halo gas, E bind , from Figure 8 . E quench no longer follows E bind , which means that the energy needed to quench a halo is not closely equal to the gas binding energy in this model (see Section 6.2). Also, quenching for both curves begins too late at z ∼ 1 rather than at z ∼ 2.5 as observed. Figure D3 plots E quench , E bind , and E BH for the Variant 2 model in the style of Figure 8 . With the shift of the evolving zero point to the SMHM relation, E quench is now simply proportional to M t vir = M 2 vir , which climbs strongly with time (red dashed lines). However, it still roughly parallels E BH , which is needed to create a wide green valley. On the other hand, close equality with halo-gas binding energy, E bind , has been lost. This is shown by the blue curves, which are now much shallower than E quench . This has the consequence that quenching using E bind in the empirical power-law model begins for massive galaxies at the plausible redshift z ∼ 2.5 in Figure 8 but does not start here until z = 1. Quenching using E quench also starts very late. Thus, even though Variant 2 can match the moving quenching boundary, its E quench lacks physical justification and the late growth of BH masses makes quenching too recent.
A question is whether the measured changes in the zero point of the SMHM relation back in time are as large as needed by this variant. Historically, measurements of SMHM back in time have scattered. Several authors have reported finding similar values of SMHM at M vir ∼ 10 10 M but lower values back in time near the knee at M vir ∼ 10 12 M (e.g., Moster et al. 2013; Skibba et al. 2015; RP17) , implying shallower slopes at higher z. However, some works (Yang et al. 2012; Leauthaud et al. 2012; Behroozi et al. 2013 Behroozi et al. , 2019 find roughly parallel slopes at all redshifts but a shift to a lower zero point in M * at early times. This is the right behavior needed for Variant 2. The zero point shift from z = 0 to z = 1 in Behroozi et al. (2019) is 0.25 dex, with little change beyond that to z = 3. This is only half the value of 0.5 dex needed by this model.
Variants 3 and 4: Energy Rates or Energy Totals?
Variants 3 and 4 replace the total energies on both sides of Eq. 17 with mass rates. Entry into the green valley then occurs when the halo mass-heating rate from the black hole equals the rate at which mass cools in the halo. For both, the halo energy term E quench on the right side is replaced by the standard halo mass-cooling rate,ṁ cool , from Croton et al. (2006) (see also Somerville et al. 2008; Henriques et al. 2015) :ṁ 
and where µ is the mean molecular weight, set here to 0.59, κ is Bolzmann's constant, and t dyn,h is the halo dynamical time (Henriques et al. 2015) . M hot is the mass of hot gas defined as:
where f hot is the hot-gas fraction, set here to 0.1. Λ is the equilibrium cooling function for collisional processes, which depends both on the metallicity and temperature but ignores radiative ionization effects (Sutherland & Dopita 1993) . For Z hot we use one-third solar metallicity at all redshifts. T hot is the post-shock temperature of the infalling gas, which is assumed to be the virial temperature of the dark halo (Henriques et al. 2015) , that is:
T hot = T vir = 35.9 V vir km s −1 2 K.
(Note that this T vir is half the virial temperature of Bryan & Norman (1998) .) To replace total energy from the BH on the left side of Eq. 17 by an energy input rate, two formulations for the BH mass accretion rate are used. Variant 3 uses the rate obtained by differentiating the instantaneous M BH values given in the empirical power-law model, while Variant 4 uses the BH accretion expression introduced by Croton et al. (2006) (and modified by Henriques et al. 2015) to supply the heating for radio mode:
where M BH is the black hole mass, f hot is the hot-gas mass fraction, and k AGN = 6 × 10 −6 is a free parameter with units of M yr −1 . We note that V 3 vir is approximately M vir and thus the BH grows super-exponentially with time in this formulation. This has important consequences for the shape and location of the quenching boundary, as shown below.
Both mass accretion rates are converted into a halo mass-heating rate,ṁ heat , in the standard way:
where η = 0.1 is an efficiency parameter and c is the speed of light.
To use the Croton et al. (2006) expression in Eq. D6 for Variant 4 requires two more inputs. The initial values of M BH in Croton et al. (2006) (and in Henriques et al. 2015 and Somerville et al. 2008 ) come from growing the BH masses previously in quasar mode. We do not have access to those masses, so we start each galaxy at z s with M BH given by the empirical power-law model formula using Σ 1 from R e and M * and grow the BH thereafter using Croton'sṀ BH . Meanwhile, host galaxy properties Σ 1 , R e , and M * are tracked using the empirical power-law model. The coefficient k AGN out in front of the accretion rate in Eq. D6 also needs to be adjusted. This was originally set low in Croton et al. (2006) since the purpose was to keep an already-hot halo hot, but we are using it to stop accretion in a cold halo and need to maximize it within reason. We therefore adjust it so that the total BH mass growth in radio mode approximately equals the total mass growth in the empirical model (Eq. 7), which has the benefit of making the final BH masses satisfy the M BH -M * relation today. It turns out that a wide range of BH masses can be approximately matched today by adjusting this one zero point (compare the BH masses in panels c) with those in panel a) at z = 0 in Figure D4 ).
In order to compute Variants 3 and 4 in a fashion that is exactly parallel to the empirical power-law model, we need to take into account any effect that radius variations, R e / R e , would have onṀ BH . This is automatically taken care of for Variant 3 becauseṀ BH is based on the time derivative of M BH from the empirical model, which itself is scattered by R e / R e . In contrast, M BH in Variant 4 depends only on M BH and halo V vir , neither of which varies directly with R e / R e , so no scatter can be applied. For Variant 4, we have simply taken the average galaxy with R e = R e as a starting point and evolved from there. Variant 4 is therefore effectively a one-parameter model at each epoch.
The resulting M BH andṀ BH curves for Variants 3 and 4 are shown in Figure D4 . The M BH growth curve from the empirical power-law model is shown at upper left, and its time derivative,Ṁ BH , is shown at upper right. This latter is the mass accretion rate used in Variant 3. The lower panels show M BH andṀ BH from the Croton et al. (2006) radio mode prescription. These have been normalized by forcing the final BH masses today to roughly equal the values in the empirical model by adjusting k AGN in Eq. D6.
Comparing the four panels, it is seen that the M BH curves from the empirical power-law model (panel a) curve gently down and are very different from the exponentially growing, upwardly curved M BH curves in the radio-mode formulation (panel c). The mass accretion rates on the right side also differ.Ṁ BH trends down with time using the empirical-model accretion rate (panel b) . This is because M BH ∼ M 1.23 * in this model ( Figure 6 ), and thusṀ BH ∼Ṁ * very approximately. Since the star-formation rate is falling at late times,Ṁ * is falling andṀ BH falls, too. In contrast,Ṁ BH in the exponentially growing radio-mode trends up super-exponentially (panel d).
To summarize, Figure D4 compares three separate models for the energy coming from the BH: 1) the empirical power-law model, where the relevant energy quantity is total BH mass (panel a); 2) BH accretion rates from the empirical model (Variant 3; panel b); and 3) the radio-mode accretion rates from Croton et al. (2006) (Variant 4; panel d ). The first is rather linear vs. redshift, the second turns steeply down, and the third turns steeply up. The three models fortuitously exemplify three very different BH heating curve shapes. Figure 8 for the empirical power-law model but uses heating and cooling rates instead of total energies. (Note that, as in Figure 8 , galaxies are plotted ignoring the fact that objects above the dashed lines would have quenched, so that actual values of M BH and E BH for these objects would be smaller than shown.)ṁ cool for the halo cooling rate is given by Eq. D2, while BHṁ heat uses the BH mass accretion rates from the empirical model, shown in panel b) of Figure D4 . Note how the BH energy output rate turns down at late times and also how haloṁ cool stays very constant with mass whileṁ heat trends sharply down with time. These features generate very different quenching boundaries with time from the empirical model, as shown in Figure D6 . Figure D5 plots the resultingṁ heat andṁ cool vs. redshift for Variant 3. Compared to the analogous plot for the total-energybased empirical model in Figure 8 , the halo termṁ cool is much more constant with redshift and mass than the halo term E quench is in Figure 8 , whereasṁ heat from the BH varies more. (Note that values of M BH and E BH are again plotted as though quenching did not occur, so that actual values for galaxies above the dashed line would be smaller than shown. See description for Figure 8 ). The two terms move roughly together in Figure 8 , which meant that all masses were never far from quenching. In Variant 3 by contrast, the highest halo mass is quenched early at high redshifts, while the lowest halo mass never quenches at all. The rate of BH heating,ṁ heat , also tends to turn down at late times. That is because BH masses grow as M 1.23 * ∼ M * (Figure 6 ), andṀ * , and therefore alsoṀ BH , are falling. Sinceṁ cool stays flat, this means that BHs are generally less able to quench at late times 37 . Finally,ṁ heat andṁ cool are roughly parallel at middle halo masses. This means that some galaxies at that mass will quench very early while others never will. Figure D6 . Σ 1 vs. M * for the Variant 3 model. This figure is analogous to Figure 9 for the empirical power-law model but uses theṁ heat andṁ cool rates from Figure D5 . The observed quenching boundary that we want to match at each redshift is given by the straight red power law. Model galaxies that are actually quenching at that redshift are the pale green points. The colored regions represent objects that are still star-forming. No galaxies quench at late times in this model, which stems from the turndown inṁ heat at late times.
These circumstances produce a very uneven feeding of galaxies through the quenching boundary vs. time. This is shown in Figure D6 , similar to Figure 9 with plots of Σ 1 vs. M * in four redshift bins. The locations of actually quenching galaxies are shown as the pale green points, and the target quenching boundary at that redshift is the red line. Galaxies that are still starforming fill the colored regions. The quenching loci fall very far from the target locations. Galaxies that quench do so too soon and at too low a mass. They come primarily from the easily quenched high-mass halos. In addition, there is a general lack of quenching at late times due to the turndown inṁ heat . This is reflected in the complete disappearance of the pale green points in the lowest redshift panels, which does not match the observed growth in the number of quenched galaxies after z ∼ 1 (Bell et al. 2004; Faber et al. 2007; Muzzin et al. 2013 ). Finally, the zero point of the predicted quenching boundary hardly falls with time, unlike the observations, and that is becauseṁ cool is nearly constant with time.
We conclude that using the mass-rate formulation for quenching and together with black-hole accretion rates based on the empirical power-law model fails badly to match the observed quenching boundary and its evolution with time. Figure D7 .ṁ heat andṁ cool vs. redshift for the Variant 4 model. This figure is analogous to Figure D5 but uses BH mass accretion rates based on the radio-mode model of Croton et al. (2006) (Figure D4, panel d) . No scatter is applied since there is no explicit dependence of black-hole accretion rate on Re (Eq. D6); tracks are widened slightly simply to show M * . Note how the BH energy output rate turns up sharply at late times due to super-exponential growth whileṁ cool stays roughly constant with mass. This together with zero scatter generate yet different quenching boundaries with time, as shown in Figure D8 . Figures D7 and D8 are the analogous plots for the Variant 4 model, which uses the BH accretion rateṀ BH from radio mode, as shown in Figure D4, panel d) . The halo termṁ cool is again rather constant whereasṁ heat turns up steeply at late times on account of the super-exponential BH mass growth in Eq. D6. This model does a better job of matching the observed quenching boundary locations, but its characteristic quenching mass drifts down by 0.5 dex over time, in disagreement with the observed constant green valley mass. More seriously, it predicts that only one mass is quenching at any epoch because no scatter has been applied. To rescue this picture would require modulating black hole masses about their mean values in such a way as to match both the width of the green valley and the slopes of the quenching boundaries. While potentially interesting, this would take us beyond the scope of this paper. Figure D8 . Σ 1 vs. M * for the Variant 4 model. Similar to Figure D6 but uses theṁ heat andṁ cool rates from Figure D7 . The observed quenching boundary at each redshift is given by the straight red power law. Model galaxies that are actually quenching at that redshift are the pale green points, and the colored regions indicate galaxies that are still star-forming. No scatter is applied since there is no explicit dependence of black-hole accretion rate on Re (Eq. D6); tracks are widened slightly simply to show M BH . This model matches the location of the quenching boundary fairly well but predicts that only a single mass should be quenching at any epoch.
